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ABSTRACT

In this analysis the importance of mathematical modelling of the physical systems has been
outlined. The constitutive relations and basic governing equations of motion for homogeneous
isotropic elastic semiconductor (n-type) and homogeneous transversely isotropic ( 6mm class)
piezoelectric elastic media, in the absence of body forces and electric sources are made non-
dimensional in order to reduce the mathematical complexity. All the obtained equations are
rewritten in matrix form. Then considering the harmonic wave solution the eigen values and eigen
vectors are calculated to obtained the formal solution of the problem.

Keywords: Piezoelectric; semiconductor; transversely isotropic; cardano method.

1. INTRODUCTION obvious that no physical system can be

represented in its full physical details and
Many authors [1-8] have studied the surface therefore idealizing assumptions are made for
waves in piezoelectric, semiconductor as well as  the purpose of analysis and synthesis of the
in layered structures. Sharma et al. [5-7] system. Once a physical system is obtained, the
modelled the surface waves in piezoelectric and next step is to obtain a mathematical model
semiconductor layered structures well. It is Wwhich is the mathematical representation of
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physical model through use of appropriate
physical laws. Therefore, this paper has arisen
from the efforts to formulate a simple unified
approach to system modelling. In particular, the
aim was to develop modelling in such a way that
it would complement dynamical systems analysis
and control system studies. The modern heavily
theoretical approach to control systems analysis
and design has caused a decline in the intuitive
understanding of engineering systems and the
way in which they behave. So, the system
modelling methods have been developed to
establish this understanding and hence to find
the fundamental properties of the physical
system.

Mathematical models are extremely powerful
because they usually enable predictions to be
made about a system. These predictions provide
a road map for further experimentations. Here an
attempt is made to model a physical system
mathematically to control and explain it. The
physical system is interpreted as mathematical
abstraction in terms of a set of differential
equations. These equations are made non-
dimensional then solved by employing functional
iteration method along with irreducible Cardano
method. This feature makes the problem
interesting also from mathematical point of view.
These equations are then modelled to specify the
solution for the problems to be undertaken for
investigation. The formal solution of the resulting
model has also been developed here which can
be conveniently used in solving the various
problem related to the materials.

2. BASIC EQUATIONS AND CONSTITU-
TIVE RELATIONS

In this section we will outline the constitutive
relations and basic governing equations of
motion for homogeneous isotropic elastic
semiconductor (n-type) and homogeneous
transversely isotropic (6mm class) piezoelectric
elastic media, in the absence of body forces and
electric sources.

2.1 Semiconductor Materials

The geometric and constitutive relations,
equations of motion and electron diffusion in an
elastic semiconductor (n-type) material in the
absence of thermal field are reported below [4-6]:
Strain-displacement relations

Sy =lus, +us, )2, j=1,2,3 (1)
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Sress-strain-electron concentration relation
oo =248 + (AS5 + NS, i, j=1,2,3 @
Current density
J:=—eD'N . (3)
Equations of motion
T, =P 0, j=1,2,3 (4)

Equation of electron diffusion

p'D'N, —p' (N+t"N)=alT, A5, = f (N+e'N)

n

i=1,2,3 (5)
Where
N =n-n,
n aQn
a, =—
a

A =0Bl+2u)a,

and u; (i =1, 2, 3) are the components of the

displacement  vector u® :(xl, X, X, t) in
semiconductor material. Here the quantities are

the stresses A, u are Lameé’s parameters; p’

is the density; A" is the elastodiffusive constant
of electrons; D" is the diffusion coefficient of
electron; ¢ and t" are, respectively the life time

and relaxation time of the carriers fields; n, and
n are the equilibrium and non-equilibrium values
of electrons concentration; «; is the coefficient
of linear thermal expansion of the semiconductor

On

material. The quantities a“", a" are flux-like

constants, TO is the uniform temperature of the
semiconductor. The quantities Z'; (i, j=12, 3),

JZS and e represent the stresses, current
density and electronic charge for the
semiconductor material. The superposed dots on
various quantities denote time differentiation and



comma notation is used for spatial derivatives.
The sum is taken over the repeated indices
unless stated otherwise.

2.2 Piezoelectric Materials

The geometric and constitutive relations,
equation of motion and Gauss equation for
piezoelectric material are outlined here in the
absence of thermal field as below:

Strain-displacement relations [7-9]
S =(ul +u?)2i, j=1,2,3 (6)
Constitutive Relations

(i) Stress-strain-electric field relations

) =cpSh ek i, j=1,2,3 )

(ii) Electric displacement-strain-electric field
relations:

D} = e!./.kSﬁ( +8UE./- g, j=1,2,3 (8)

Equations of motion

Ty =Pl 0, j=1,2,3 ©)

i, i
Gauss equation for piezoelectrics is the electric
field, ¢P denotes the electric potential and
u/ (1, 2, 3) are the components of displacement
vector u’ :(xl, X, X, t) for  piezoelectric
material. The quantities pp, c; and e; are the

density, elastic parameters and piezoelectric

p‘D"va—pf(H t" gth—a;’To/lTV-ﬁs = —[1 +1" aj[/{ jN

Piezoelectric
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constants; &, and ¢&;; are the electric

permittivity perpendicular and along the axis of
symmetry of piezoelectric material, respectively.

The quantity ‘r,.f (i, j=12, 3) represents the
stresses for piezoelectric material. Throughout
the thesis the superscripts p and s on the field
quantities as well as material parameters refer to
piezoelectric and semiconductor materials

respectively. The summation over the repeated
indices prevails unless stated otherwise.

D2 =0 (10)
where
E, =—¢7 (11)

3. DEVELOPMENT OF MATHEMATICAL
MODEL

We take the rectangular cartesian coordinate
system O(xl, X5, x3)as O(x, V, z) and restrict

our investigations to two-dimensional structures,
in the x—2z plane. Thus, the basic governing
equations of motion, electron diffusion and
Gauss equation for semiconductor and
piezoelectric media are given as under:

Semiconductor
The equations (4) and (5) satisfied by the
displacement vector u® (x, z, t)= (us, 0, WS)

and electron concentration N(x, z, t) for two-

dimensional semiconductor medium in vector
form become:

wVu +(A+ p)VV-ut = 'VN = plii* (12)

(13)

ot )\ t

n

The equations (9) and (10) satisfied by the displacement vector u® (x, z, t)z(up, 0, wp) and

electric potential ¢” (x, z, t) for two-dimensional piezoelectric elastic medium become:

Clluﬁ‘x +C44u,1272 +(Cl3 tCyuy )W,i]cz +(615 +e31)¢,iz = p’i’®

» » p p P Apep
(Cn tCyuy )M,xz tCouW, tCw  + elS¢,xx + e33¢,zz =pw

(14)

(19)



P p p P p _
(eIS +e3l)u,xz +elSW,xx +e33w,zz _gll¢,xx _833¢,zz - 0
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(16)

In order to simplify the system of equations (12)-(16) and facilitate their solution, we introduce the

following non-dimensional quantities:

w X w Z
x'=== === =o't
Y Vi
. o o'y, | N
u POV s:Pn L N =2
A'n, A'n, n,

P ro_ P
u ¢’ =¢ ¢
ﬂnno /ftnno P
K s nAT> 27
s’ — Tl)' Js’ — Jz — azﬂ' TO ﬁ’n
J n z s
A'n, en,v, Yo, (/1 +2y)n0
2 e, p'v
N
y_ T o PV pp g = PV
Ty =0 z = a7 z P An
A'n, nyes; et n,
A'n 2 kv
7 = 0 52 = Vi r I
" by o
0 Vp @
» £,,C h
—_ P 33611 ;@ h =
p - s 773 - 2 - * -
P €33 w Y
C C Cc., t¢C
¢, = 33 ¢, = 44 ¢, = 13T Cuy
Ch € Ch
e . t+e e &
_ 65 T €y _&s = _ ¢én
1= €= &=
€33 €33 €33
t" =0't" 1 =o't (17)
Where we have defined the quantities Here o, v, and v, are respectively the

2 _At2u oM
I ps t _ps
C
v,=—t
Yo
a)*:vl2
o

characteristic frequency, longitudinal and shear
wave velocities in semiconductor and v,

denotes the longitudinal
piezoelectric material.

wave velocity in

The non-dimensional equation for semiconductor
and piezoelectric continuum are obtained as
below:



Semiconductor

Upon using the quantities (17) and (18) in
equations and (12) - (13) we obtain

5Vu* +(1-8%VV-u’ —VN =ii* (19)

n ~2
VZN—{—1++[1—I+J6H” ‘Q}N—g,,vn’ _o (20
t, t, )ot ot

The constitutive relations (2.2) and (2.3) in non-
dimensional form become:

T;Z:(l—zaz)%+%—N

SR Ui (22)
0z ox
s, ON
J ="
(4
(23)
We introduce the scalar and vector point
potential functions ¢' and W' through the
relations
a S a Y
08 ov
x oz
a s a s
w’ :i_i (24)
Oz ox

In order to facilitate the solutions in

semiconductor continuum.

Using relations (24) in system of equations (19)
and (20), we obtain

V¢ —~N-¢*=0 (25)

1 "o o’ ;
VAN —|——+|1+— |=—+t"—|N-¢, V¢’ =0
{ N ( t;]at azz} ave (27)

n

Substituting expressions (24) in equations (21)-
(22) and using equations (25)-(26) we get
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2 s 2. s
Ry TRy ) A (28)
- ox? ox0z
2 s 2. s
=y 426y L8OV (29)
ox0z  Ox
The equation (26) corresponds to purely
transverse waves in the semiconductor. This

gets decoupled from rest of the motion and is not
affected by the charge carrier fields.

Piezoelectric

Upon using the quantities (17) and (18) in
equations and (14) - (16) we obtain

p p p P _ S25P
ub, teul +ewl +edl = o/l (30)

P P P )4 P §2y05P
c3u,xz + CZ W,xx + Cl W,zz + 62¢,xx + ¢,zz - 51 w
(31)
p P P 2y 14 P _
elu,xz + eZW,xr + W,zz - 773€¢,)0c - 773¢,zz - 0
(32)

The constitutive relations (7) and (8) in non-
dimensional form become:

o ou” ow’
2= Dl -e) e 2| ©9)

, p |c,[ou” ow’ )
G {i(az*ax ]¢} o
1

ou” ow’
+
ox oz

D! = (el _ez) _773¢,§ (35)

The equations (25)-(27), (28)-(29) and (23) for
semiconductor medium and equations (30)-(35)
for piezoelectric continuum can be rewritten in
the matrix form as given below:

Semiconductor

H'Z=0 (36)

T =HZ (37)
Piezoelectric

G'Y=0 (38)
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™ =G'Y (39)
Where
z=lp N »| (40)
Yz[u” w” ¢p]T (1)
v=l, o] (42)
=2, 0, D (43)
2 2 2 N
LAY A 0
ot Ox Ox0z
2 2 2
= 250 L 2% (44)
Ox0z ot ox
0 0 _9
oz
P L, G L0 |
ot tazr e } oxoz " oxoz
G*: az C i.’.c i_ 2£ e 82 +62
} ox0z Tax? ez oo ox? ozl
2 2 2 2 2
€ ¢ € a2—'_6_2 e Ea_2+a_2
| Ox0z ox° Oz 0 Oz |
o)l o2 2
7 Ve e 0z
é* _ P C_ZQ C_Zi e ﬁ (45)
512 2 0z 2 Ox ® ox
S 8 80 of 0
(el ez)__l_ - - 3?1_
pox p oz p Oz
n 2
a, =_L+ 1+ g+t”a—2 (46)
tr ¢t )ot ot

The equations (36) and (38) are basic governing equations in matrix form whereas equations (37) and
(39) are the constitutive relations for the semiconductor and piezoelectric media, respectively.

4. FORMAL SOLUTION OF THE MODEL

Suppose the time harmonic waves propagating along X -direction, so we consider solution of the form

Z(x, z, t)= Z(z)exp{ik(x —ct)} (47)
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Y(x, z, t)= ?(z)exp{ik(x—ct)} (48)
Where the column vectors Z and Y are given 1 0 0
by H,=| 0 0
Z:[as’ N, WS]T | ikce, 0
- — Yy — - T
v=[arw.4"] (49) e o
2
Upon wusing solution (2.47) and (2.48) in H,=| 0 0 1_c_ (53)
equations (2.36) and (2.38) we have o’
ikce, 1-ac’ 0
Semiconductor -
(H,D*-H,)Z=0 (50) PR (R 1
! 2 a =t"+io | 1+— |+ 5
t) ) tiw
Piezoelectric
Because the matrices H, and G, are non-
2 _ 1 1
(GID +G,D _G3)Y =0 (1) singular, so the equations (50) and (51) can also
be rewritten as
Where
Semiconductor
n_d’ N
br=—2 n=12 (D> -H)Z=0 (54)
¢, 0 0 Piezoelectric
G, =0 ¢ 1 (10> +G,D-G, ¥ =0 (55)
0 1 —n
~ Where the matrices G, (l, 2) and H are
0 ¢ ¢ obtained as
G, =iklc; 0 O _ -
e 0 0 0 S &
- ¢ &
1-8%* 0 0 G =G]'G, =ik 013’73—”1 0 0
+
G,=k’ 0 c, —6c’ e s
- C; (€ 0 0
0 © ~ M l+¢n,
(52) ) )
[1-65%¢? 0 ]
)
62 _ G1—1G3 — 2 0 € +773(cz _51202) 773(62 _E) (56)
1+ ¢ n, 1+c¢n,
0 c,—0lc’ —ce, e, +&nsc,
| 1+c¢n, l+cemn; |
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1-¢c* 0 0 )
H=H'H,=k> 0 0 1—% (57)
ikce,c* 1-a.c’ +ikee, 0

And I is an identity matrix of order 3.

The equations (54) and (55) define eigenvalue problems and hence their solution will be of the form

Z=H'(k, c)e” (58)
Y=G"(k, c)e™ (59)

Where E*(k, c) and ﬁ*(k, c) are the eigenvectors corresponding to the eigenvalues m and n
pairs in the respective medium.

Now we shall discuss the equations (54) and (58) as well as (55) and (59) one by one for different
constituents as follows:

4.1 Piezoelectric Continuum
Upon using solution (59) in equation (55), we get

(m21+ma1 —62)(_}*(1\‘7, c)=0 (60)
The equation (60) will have a non-trivial solution iff

det(m*1+mG, -G, )= 0 (61)
Upon expanding equation (61) and simplifying, we get

mt—Emt+Em’ —£,=0 (62)

Where

£ = e X +(1+77301 );(2 —03(03773 +2ez)+ 01612
1 02(1"'77301)

£ =kt {c2;53 + 17, —¢se,n,E +2eie, )+ € (c2 —51202)}
=

) (1 + 77301)
X2 X3
E =kt L2183 (63)
’ () (1 + 77361)
The quantities y, (i =1, 2, 3) are given by X = (l —51202)
Ve =(c15+c2 —51202)773 +2e, Xs :(Cz _51202)’735+€§ (64)



The equation (62) being a cubic polynomial
equation can be directly solved with the help of
Cardano’s method as follows:

Diminishing the roots of the equation (62) by
&, /3, we get

m™® +30m™ +11=0 (65)

Where
2 1
0= —Efff +§§1~’§z - &
|

H=—§§1 +¢, (66)
Let the roots of eq. (65) be given by

m?=9%+@ (67)

Cubing both sides
m®=G+a) =% +a’ -390(9+@)
m™® +39am™ —(33 +w3)= 0
Comparing above with (65) we have
Q3 — 193ZU3
1= —(83 + w3)

Thus & and @ are the roots of the quadratic
equation

£ +I1t+0° =0

Thus we have

The solution (59) takes the form

3

Y(z)= Y [G; (k, )47 exp(-m,z)+G;

i=1

Where

Kumar; AJR2P, 4(4): 1-12, 2021; Article no.AJR2P.63599

s _—I+ I1* -4Q°
2

,_——{I° —40°

2

g

w

Now taking cube roots of these quantities and
then using in eq. (67), we have

m?=9+a@ H+ot’ 9 +ot (68)
Where

8:[—H+,/H2—4Q3 r

2

1/3
- a0’
o =
2

. —1++/3i

2

2

Here 1, # and #° are the cube roots of unity.
Thus the roots of equation (62) are given by

mf:m;‘2+%, i=1273 (69)
The pair of roots m. satisfying the property
m,=—-m, my;=-m, m,=—-m,; (70)

(k, )42, exp(m,)| (1)
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1
G =|M, |, i=123, m=-m,
P
1
G,=|-M,| i=123  m=m, (72)

M, = i, fe (m? =27 )+ e, (m} - e, )}/ A
ﬁ’“”—)[(k ol 5o )]
A=yl ke, =8t ! =3 )+ (] —exk*f (73)

Thus, the formal solution for piezoelectric medium with the help of equations (48) and (71) becomes:

3
Y(x, z, ) Z[ (k, c)A? exp(—m,z)+ G|, (k, )47 exp(m, Z)]exp{zk(x—ct)} (2.74)

i=1

where A’ (i =1, 2,....6) are the arbitrary constants to be determined with the help of appropriate
boundary conditions.

Using solution (74) in equation (39), the expressions for non-vanishing stresses and electric
displacement are obtained as:

T = Z[éi(k’ c)an* (k’ C)Aip eXp( m; Z)+ G1+3 (k’ C)G1+3 (k c) i3 exp(ml.z)]exp{ik(x _Ct)}

(2.75)
ik(c, —c,) m;c, —m,
G,(k, c)= mzcz zk202 ike, (76)
2 2 2
5_Zk( 2) _5_—1mi 5__17737”[
L P P P i

Upon using equation (83) in equation (47) the formal solution for the semiconductor continuum is
given as under

x z t = Z[ 1* k c exp( n, z)+ H; , (k, c)Af+3 exp(niz)]exp{ik(x—ct)} (86)

10
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Where A4’ (z' =1,2,... .6) are the arbitrary constants to be determined from the appropriate boundary
conditions.

Using the solution (86) in equation (37), the expressions for non-vanishing stresses and current
density are obtained as:

3

v = Y[k ;6 €)4; explnz)+

i+3
i=1

(k, ) H; 4 (k, c)4:., exp(niz)]exp{ik(x—ct)} (87)

i+3

Where
K(26° -c*)  28%kn, 0
H(k,c)=| -25%hkn, k(26> -c*) 0 (88)
0 0 n,

The matrix I:Ii+3 6. The corresponding e!genvalues and
eigenvectors so determined have been
matrix (88) by replacing n; with —n, therein. used to write the general solution of the
model in respect of field quantities for both
the media.
The formal solution for non-vanishing
stresses, current density and electric
displacement has also been derived.
The developed formal solution can be used
in various types of piezoelectric-
semiconductor layered structures under
different conditions/situations prevailing at
the boundaries/interfaces.

(k, ¢) can be written from the

The formal solutions given by (74) and (86) for
piezoelectric and semiconductor media,
respectively, can be used to investigate different
wave propagation problems in various types of
piezoelectric-semiconductor composite
structures under different conditions/situations
prevailing at the boundaries/interfaces of these
structures.
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