JE— British Journal of Mathematics & Computer Science

Mathematics

Comwx:tseicm 4(8): 1 074'1 090, 201 4
SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

Applications of Liouville’s Identity with an Odd Function

Aeran Kim'*, Keum Yeon Lee? and Hwasin Park?

! Department of Mathematics, Chonbuk National University, South Korea.
2 Department of Mathematics and Institute of Pure and Applied Mathematics,

Chonbuk National University, South Korea.

Original Research

Article
Received: 19 November 2013
Accepted: 21 January 2014
Published: 17 February 2014
Abstract

In this paper, we are based on the Huard, Ou, Spearman and Williams’s generalization of Liouville’s
Identity so we obtain

1
> a=g(oa(n) +01(n) —2n00(n), > a=goly),
(a,b,z,y)eN? (a,z,y)EN?
ax+by=n a(z+y)=n
a<b x,yodd

and etc. Also, independently we attempt to consider the Liouville’s Identity, therefore as the
application of his identity, we have the restricted combinatoric convolution sums as

Z <§i ——:: i) Z g2l 2ip2itl

l
=0 (a,b,z)eN3

(a+b)z=n
z=m( mod 2m)
1 n n n n
=3 {Wlm(a) —ous( ) = oava(g ) + Uzz+1(%)} :
l 1+1
20+ 1 o1—2i2i41 _ (2m)? n
b =7 —
: <2i+1> 2. e ey,
=0 (a,,b,z)GN‘5
(a+b)xz=n

a=m( mod 2m)
b=m( mod 2m)

(see Theorem 1.6 and Theorem 1.8) and etc., by dealing with an odd function for m,n € N and
leNu{0}.
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1 Introduction

Throughout this paper, N, Z, and C will denote the sets of positive integers, rational integers, and
complex numbers, respectively. Let » be a nonnegative integer and d, n be positive integers. The
sum of divisors function o.(n) is defined by

(n) Ygnd’, ifneN,
or(n) =
0, ifneQ, n¢gN.

The Bernoulli numbers B,, (n € Ng) are defined by the recurrence relation

By=—— nil ntl g nen
n — TL+1 ] Js )

=0

where By = 1, or equivalently by

X X
1 :;Bnﬁ, r€R, |z|<2m.
The first few Bernoulli numbers are By = —1/2, B, = 1/6, Bs = 0, By = —1/30, Bs = 0,

Bg = 1/42, B; =0, Bs = 71/30, By = 0, Bip = 5/66, Bi1 = 0, Bz = *691/2730. Indeed
Bant1 =0, n € N, see for example Berndt’s book ([1], Theorem 4.1.2, p. 85).

The history of the convolution sums involving the divisor functions o..(n) goes back to Glaisher
[2], [3], [4]. Many recent works on convolution formulas for divisor functions can be found in B. C.
Berndt [5]; H. Hahn [6]; J. G. Huard, Z. M. Ou, B. K. Spearman, and K. S. Williams [7]; G. Melfi [8];
B. Cho, D. Kim, and J.-K. Koo [9], [10]; and A. Alaca, S. Alaca, and K. S. Williams [11], [12].

In Section 2, after calculating

Z a and Z a,

(a,z,y)eN? (a,ba,y)eN?
a(z+y)=n az+by=n
a<b
we obtain
>, a
(a,b,z)eN?
(a+b)z=n
since
> a+ ) a+ Y} e
(a.bay)eN*  (abay)eN*  (abwy)eNt
az+by=n az+by=n az+by=n
a<b a=b a>b
= 2 et X et > a
(a,b,@,y)EN (a,b,z,y)EN* (a,b,a,y)EN
ax+by=n ar+by=n ax+by=n
x>y =y <y
that is,
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Theorem 1.1. Letn € N. Then we have
(a)
Z a =noo(n) —o1(n).

(a,z,y)€N?
a(zty)=n

(a,b,z,y)EN?
ax+by=n
a<b

And in Section 3, we are motivated by Liouville’s Identity so we try to obtain some convolution
sums formulae, especially, related to an odd function with the various conditions as follows :

Theorem 1.2. Letn € N withl € NU {0}. Then we have

l 2i+41 .
2l + 1 _ j 21 + 1 2i41—j
Z<2i+1> 2 (1) ( j )”

i=0 =0

2—2i+j o
1 m(20—=2i+5+1 20—2itj+1—m
e Bun(n — 1 i
2t 1 m=o( ) ( m ) m(n=1)

_ 1 2142 21+1)
=3 (n n

with Bernoulli number B,,,.

Theorem 1.3. Letn € Nwithi € NU {0}. Then

) 1= (—1)!
Z cosasinh = = Z % (o2142(n) — o2g1(n)).
e 24 20+ 1)!

(a+b)z=n

Theorem 1.4. Letm,n € Nwithl € NU{0}. Then

1
Z <2¢ + 1) > T 2 {UQ’H(E) - GQHI(E)}'
=0 (a,b,x)eN?

(a+b)z=n
z=0( mod m)

Theorem 1.5. Letm,n € Nwithl € NU{0}. Then

1
2041 20—2i; 2i+1
b
Z <2i + 1) >, e
=0 (a,b,:c)EN3

(a+b)z=n
zZ0( mod m)

{Uzz+2(n) —oyi1(n) — 0214—2(%) + 021+1(%)} .

N =
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Theorem 1.6. Letm,n € N withl € NU {0}. Then

1
2041 20—24,2i+1
a b
S(2)
=0 (a,b,z)EN?
(a+b)x=n
z=m( mod 2m)

1 n n n n
=3 {021+2(a) — Uzz+1(%) - 021+2(%) + 021+1(%)} .

Theorem 1.7. Letm,n € N withl € NU{0}. Then

1 2041
2041 201-2i;2i+1 _ M n n
| 2 o))
Z (22 + 1) Z “ 2 UQHQ(m) UQlH(m)
=0 (a,b,z)€N3
(a+b)z=n
a=0( mod m)
b=0( mod m)

Theorem 1.8. Letm,n € Nwithl € NU{0}. Then

l 2041
20+1 20—24, 2i+1 (2m) n
pritt = BT ().
Z <21‘ N 1) > a 5 oa+2(5 )
i=0 (a,b,z)eN?

(a+b)z=n

a=m( mod 2m)
b=m( mod 2m)

2 Application to an Identity of Huard, Ou, Spearman and
Williams

In 2000 Huard, Ou, Spearman and Williams proved a far reaching generalization of Liouville’s Identity.
Proposition 2.1. ([13], Theorem 13.1) Let f : Z* — C be such that

f(a’7 b7 z, y) - f(m7y7 a, b) = f(_a7 _b7 z, y) - f(m7y7 —a, _b) (21)
for all integers a,b,x andy. Letn € N. Then

> (flab,x,—y) = fla,—b,z,y) + fla,a — bz +y,y)
(a,b,z,y)€N4
ar+by=n

ff(a,a+b,yfx,y)+f(bfa,b,x,x+y)ff(a+b,b,x,mfy))
:Zz(f(07g7x7d)+f(%707d>$)+f(g7%7d_x7_x)

deN zeN
dln x<d
n n n n
- f(fL’,ZL' _d7 873) - f(x7d707 E) - f(dax7gao))

Proof of Theorem 1.1. (a) We note that

I S ()

(a,2,y)EN? aln aln
a(z+y)=n
=n g a® — E e =noo(n) — o1(n)
aln eln
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where we put e := Z.

(b) Let us take f(a,b,z,y) = |a| in Proposition 2.1. Then (2.1) is satisfied, so the left hand side

becomes

Y. (b—al—la+b])

(a,b,z,y)eN*
ar+by=n
= > {b-a)—@+b}r+ > {-(b-a)-(a+b)}
ar+by=n az+by=n
b>a b<a
c2 Y a2 Y a2 Y
az+by=n az+by=n ax+by=n
b>a b=a b<a
=—4 z a—2 Z a.
az+by=n az+by=n
b>a b=a

Then using Theorem 1.1 (a) for the second term of (2.2), we can write (2.2) as

—4 Z a—2{noo(n) —o1(n)}.

(a,b,z,y)eN?
az+by=n
b>a

However, the right hand side of Proposition 2.1 is

%%{\gh!g)wﬂwﬂw} E;Z{ng%:fd}.

deN zeN
dln x<d din z<d

Then the first term in (2.4) is

d—1
DRI EDNIREON TSRO

deN zeN dn
dln x<d
= 2nz 1-— QZ% = 2noo(n) — 226 = 2noo(n) — 201(n),
d|n d|n eln

where we put e := Z. And the second term in (2.4) is

d—1
2 Y =2 Y a2t na=—3 (@ - d)
c(lﬁ’rljliiﬁ d|ln z=1 d|n 2 d|n

= —o2(n) + o1(n).

Finally, the third term in (2.4) is

—ZZd:—Zdil:—Zd(d—l):—og(n)+al(n).

deN zeN dln =z d|n
dln z<d

(2.3)

(2.4)

(2.5)

1078



British Journal of Mathematics and Computer Science 4(8), 1074-1090, 2014

Therefore (2.4) becomes

2noo(n) — 202(n). (2.6)
Equating (2.3) with (2.6) we obtain the formula

Z a= % (o2(n) + o1(n) — 2noo(n)) .

(a,b,z,y)eN?

ar+by=n

b>a

O
To deduce Corollary 2.3 we consider as follows

Y. oe+ > et > a
(a,b,2,y)EN? (a,b,z,y)EN? (a,b,a,y)EN?
az+by=n az+by=n az+by=n

<b =b >b

a a a (27)
S SRTEID SETID S

(a;b,z,y)EN* (a,b,z,y)EN? (a;b,z,y)EN*

ax+by=n ax+by=n ax+by=n

>y =y <y

Corollary 2.1. Letn € N. Then we have

1
E a=g (o2(n) + o1(n) — 2noo(n)) .
(a,b,z,y)eN*
az+by=n
>y

Proof. Let us change the summation of Theorem 1.1 (b) as

Z a= Z a= Z a= Z a. (2.8)

(a,b,z,y)eN? az+(a+b)y=n a(z+y)+by=n (a,b,z,y)eN*
az+by=n az+by=n
a<b >y
So
1
Z a=g (o2(n) + o1(n) — 2noo(n)) .
(a,b,a,y)eN
az+by=n
>y
O
Lemma 2.2. We obtain
S oe= ¥ e X e
(a,ba,y)eNt (a,b,@,y)EN? (a,b,z,y)eN*
ar+by=n axr+by=n ar+by=n
a>b <y >y
Proof. We note that
> a= ), (a¥h)= >, et > b
(a,b,z,y)eN? (a+b)z+by=n (a+b)z+by=n (a+b)z+by=n
az+by=n
>b
¢ (2.9)
S LTI S D SR S
az+b(z+y)=n azt+by=n (a,b,z,y)eN* (a,b,z,y)eN?
a>b ax+by=n ax+by=n
<y a<b
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Here the second term in (2.9) is equal to >, , . . i a by (2.8). So the proof is complete. [
ax+by=n
>y

Corollary 2.3. Letn € N. Then we have

(a.,b,ac)eN3
(a+b)z=n

Proof. By (2.7), (2.8) and Lemma 2.2, we obtain

Z a= Z a— Z a.

(a.bay)eN*  (abay)eN*  (abwy)eNt
ax+by=n az+by=n ar+by=n
a=b T=y >y

So we use Theorem 1.1 (a) and Corollary 2.1.

Theorem 2.4. Letn € N. Then we have

(a)

(a,2,y)eN?
a(z4y)=n
z,y odd

(a,z,y)eN?
a(z+y)=n
x,y even

Z a= % {nao(n) — nao(g) —o1(n) + 01(%)} .
(a,z,y)EN?

a(z+y)=n
x odd,y even

Proof. (a) We observe that

S oa= Y a= % azz%/?.a

(o en®  a(eiZy-2)=n  a(ety-D=2  al}
a(e-ty)=n
z,y odd
n o n _.n
= — a = —ool=).
2 £ 2 (2)
al g

(b) By using Theorem 1.1 (a), we obtain that

n n n
Y. oa= > a= > a=go(g)-oly)
(a,z,y)eN3 a(2z+2y)=n a(z+y)=4%

a(z+y)=n
T,y even
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(c) Since
dooa= D> e+ > e+ 3 oat > o«
(a,@,y)EN’ (a,2,y)EN? (a,@,y)EN’ (a,2,9)EN? (a,@,y)EN’
a(z+y)=n a(z+y)=n a(z+y)=n a(z+y)=n a(z+y)=n
z,y odd z,y even z odd,y even x even,y odd
= E a+ g a+2 E a,

(a,2,y)EN? (a,2,y)eN? (a,a,y)EN?

a(z+y)=n a(z+y)=n a(z+y)=n

x,y odd x,y even x odd,y even

we refer to Theorem 1.1 (a) and Theorem 2.4 (a), (b)

3 Application of Liouville identity

Using the four basic theta functions, one is lead to the formula (see ([13], p. 14))(for k,n € N),
((a +0)% — (a— b)%) = 3 2%t (3.1)

(a,b,z,y)EN* meN
m|n
It odd
m

azx+by=2n
a,b,z,y odd

There are several arithmetical formulae due to Liouville. A classical one of Liouville very often used
in elementary number theory (completely avoiding the hard analysis) is that (see ([14], p. 144)) : For

n € Nand for f : Z — C an even function, the identity
> (fla+b)—fla=b)= > (f(2m)— f(0)) (32)
(a,b,x,y)eN* m‘EN
ax+by=2n énozd

a,b,z,y odd
holds.
An another important classical formula of Liouville is ([15], p. 247) : Forn e Nand for f : Z — C

an even function, the identity

> (fla=b) = fla+D))
(3.3)

(a,b,z,y) Nt
ar+by=n
2n ¢

= £(0) (01(n) — oo(n)) + Y _
deN deN v=1
d|n d|n
Lemma 3.1. Letn € N. Let F : Z — C be an odd function. Then
> (F(a—b)—F(a+b)) =—(n—1)F(n). (3.4)

(a,b)eN?
a+b=n

Proof. Proof begins by collecting together terms on the left hand side having a common value F(k).

When k = 0 there is a single term, namely,

FO) Y 1,

a+b=n
a=b
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and when k£ > 1 we have

Fley| Y 1= > 1= > Fn)=-F(n) > 1

a+b=n a+b=n a+b=n a+b=n
a—b=k a—b=—k

as F'is an odd function.
Therefore we can write the left-hand side of the identity as

> (Fla=b)—F(a+b)=F0) Y 1-F(n) > 1

a+b=n a+i:bn a+b=n
=F —F(n)(n—1
(0) QGZ:nl (n)( ) 35)
= F(0) Z 1—(n—1)F(n)

However we recall that a function F' : Z — C is called an odd function if

F(—z) = —F(z)

for all integers x. This shows that F'(0) = 0. Thus Eq. (3.5) becomes

> (Fla=b) = F(a+b)) =—(n—1)F(n).

a+b=n

So the proof is complete.

Proof of Theorem 1.2. We apply f(z) = 27! in Lemma 3.1. Then the left hand side is

S (Fla-b)—Fla+b)= > ((a )2 (ot b)Ql“)

a+b=n a+b=n
241 241
_ 2l +1 i 20+1—iyi 204+ 1Y or41-iy
z<z<i>(1>a g3 (P
a+b=n 1=0 1=0

2041 (3.6)
. 204+ 1Y\ or41-iy
=-2 E E ( ; )a b

+b=n i=0
“ i odd

1
2041 20-2i,2i41
=92 b .
; <2i+1> > a

a+b=n

Here we can observe that

1082



British Journal of Mathematics and Computer Science 4(8), 1074-1090, 2014

n—1 2i+1
Z A-2ip2i+1 _ Z a2 (n — g+ Z Z (21 + 1) 2T (Z 1y of
a+b=n a=1 =0
2i+1 1
_ IZ (22 + 1) )J 2i4+1—j nz g2t
a=1
i 1 . .
_QZ“ 20 1) yi2i1i 1 2226“ A—2i+j+1
20-2i+j5+1 — m
% B ( )2l 2i+j+1—m

where we use the Faulhaber’s formula as

n

14
SR = 7—1% 31y <p+_ 1) BynP i
p : J
J=0

k=1

with the Bernoulli number B;. So Eq. (3.6) becomes

> (F(a—b)— F(a+b))

a+b=n
! 2i4+1 .
_ 21 +1 2141 j 2i4+1—j
- 72; <2i+1> ; ( j >(1) " (3.7)

21 —2i+j . .
1 21 — 24 +]+1 20—2i+j+1—
- - 1™ B, —1 T m.
N 2itj11 mz::o( ) < m ) (n=1)

And the right hand side of (3.4) is

—(n—1)F(n) = —(n — D> = —p?+2 4 p2*1, (3.8)
Equating (3.7) and (3.8) we obtain the proof.
O
Corollary 3.2. We have
g
pd 21+ 1 = 7
1 ”iﬂ 2-2+j+1)
2l —2i+54+1 = m m”
—_ 22l.
Proof. ltis an immediate consequence of Theorem 1.2 with n = 2.
O

Lemma 3.3. Letn € N. Let F : Z — C be an odd function. Then

> (Fla=b)—Fla+b)=-Y (k—1)F(k).
(a,b,z)eN? k|n
(a+b)z=n
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Proof. We prove by solving terms on the left hand side having a common value F'(k). When k = 0
then,

FOO) > 1,

(a+b)z=n
a=b

and when k£ > 1 we obtain

Fy| >, 1= > 1= > 1|=-F(k) > 1,

(a+b)z=n (a+b)z=n (a+b)z=n (a+b)z=n
a—b=k a—b=—k a+b=k a+b=k

as F'is an odd function.
Therefore the left-hand side of the identity can be written as

> (Fla=b)—Fa+b)=F0) > =Y Fk) > 1

(a+b)xz=n (a+b)z=n kE>1 (a+b)z=n
a=b a+b=k
) D 1= F(k)(k—
2ax=n kE>1
k|n
0> 1=> (k—1)F(k)
al % kln
n
= F(0)oo(3;) — > (k= 1)F(k).
k|n

Since F'is an odd function, we have F(0) = 0. Therefore

> (Fla=b)—F(a+b)=-> (k—1)F(k).

(a+b)z=n kln
O
Proof of Theorem 1.3. Let F(z) = sinx in Lemma 3.3. Then the left hand side is
> (Fla=b)—F(a+b)= > (sin(a—b)—sin(a+b))
(a+b)z=n (a+b)x=n (39)
= -2 Z cos a sin b.
(a+b)z=n

And the right hand side is

R — N D' i
_%(k—l)sm( ——%T; —llz;mkhr

oo

Z 2[+ 'Z 1)k (3.10)

1=0

oo

Z 2l+ 021+2(n) —oa11(n)),

1=0
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. . —_ l
where we use the Taylor series sinz = 37° =142+,

21+1)!
Equating (3.9) and (3.10) we obtain the proof.
O
Now we specify Lemma 3.3 according to the condition of x, a, and b.
Lemma 3.4. Letm,n € N. Let F : Z — C be an odd function. Then
> (Fla=b)—Fla+b)=-> (k- 1)F(k).
(a,b,a:)EN3 k|%
(a+b)z=n
z=0( mod m)
Proof. We note that
Y. (Fla-bt)-Fa+b)= >  (Fla-b)—F(a+b)
(a+b)z=n (ma+mb)z=n
z=0( mod m)
= > (Fla=b)—F(a+b))
(at+b)z=r
== (k=1)F(k),
k|2
since
> (Fla—b)—Fla+b)=—> (k—1)F(k)
(a,b,:c)eN3 k|n
(a+b)z=n
in Lemma 3.3. O

Proof of Theorem 1.4. Let f(z) = z®'*! in Lemma 3.4. Then the left hand side of Lemma 3.4 is

> (Fla—b)— F(a+b))
(a+b)z=n
z=0( mod m)

_ Z ((a . b)21+1 —(a+ b)21+1)

(a+b)z=n
z=0( mod m)
21+1 21+1
_ Z <Z (2! + 1) a2l+17i(7b)i _ Z <21 —|— 1) a2l+1ibi)
(a+b)a=n \i=0 ! i=0 ! (3.11)

z=0( mod m)

l
204+ 1Y 91-2i,2i+1
= -2 b
2 Z <2i + 1) @
(a+b)z=n =0
z=0( mod m)

l
2041 20—2i 2i+1
= -2 ) a b .
; (21 + 1) (a+§:n
z=0( mod m)

And the right hand side of Lemma 3.4 is
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=Y k= DFk) = = 3 (k= DE = — {oura(2) — o ()} (3.12)

k| 2 k| 2

Equating (3.11) with (3.12) we obtain

1
2l+1 21-2i,2i41 _ 1 n n
2 <2i+ 1) 2, T =3 {"2’“%) *”2”1%)}'

=0 (a,b,z)€N3
(a+b)z=n
z=0( mod m)
O
Lemma 3.5. Letm,n € N. Let F' : Z — C be an odd function. Then
ST (Fla-b) - Fla+b) =3 (k— DFk) + 3 (k - DF (k).
(a,b,z)ENS k[n k| ﬁ
(a+b)z=n
2#0( mod m)
Proof. We can write
> (Fla=b)— F(a+b))
(a+b)z=n
Z0( mod m)
= > (Fla-b)-F(a+b)—- >  (Fla—b)—F(a+b))
(a+b)z=n (a+b)z=n
z=0( mod m)
= =D (k=DF(k) + > (k= 1)F(k),
by Lemma 3.3 and Lemma 3.4.
O

Proof of Theorem 1.5. Proof is similar to Theorem 1.4 except for letting f(z) = z**' in Lemma
3.5. O

Lemma 3.6. Letm,n € N. Let F' : Z — C be an odd function. Then

S (Fla=b)—Fla+b)==> (k—1F(k)+ Y (k—1)F(k).
(a,b,x)EN? kI kl g
(a+b)z=n
z=m( mod 2m)

Proof. Using Lemma 3.4, we obtain

> (F(a—b) — F(a+1b))
(a+b)z=n

z=m( mod 2m)

= Y (Fa-b-Fa+b)- Y (Fla—b)~Fla+b)

(a+b)z=n (a+b)z=n
z=0( mod m) z=0( mod 2m)
==Y (k=1F(k)+ Y (k—1)F(k).
I klam
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O

Proof of Theorem 1.6. Proof is similar to Theorem 1.4 except for letting f(z) = 2! in Lemma
3.6.

O
Lemma 3.7. Letm,n € N. Let F : Z — C be an odd function. Then
> (Fla=b)—=F(a+b)=—> (k- 1)F(mk).
(a,b,z)eN3 k|5
(a+b)z=n
a=0( mod m)
b=0( mod m)
Proof. We have
> (Fla=b)—F(a+b))
(a+b)z=n
a=0( mod m)
b=0( mod m)
= Z (F(ma — mb) — F(ma + mb))
(at+b)z=1
(3.13)
SCEDYIRES S D SR TD SUNTS SR
(at+b)z=T- k>1 (at+b)z=Tt (at+b)z=]t (at+b)z=Tt
a=b ma—mb=k ma—mb=—k ma+mb==k
=F0) > 1= Fk) > 1
(a+b)z:% k>1 (a+b)z:ﬁ
a=b ma+mb=k
Since F(0) = 0, Eq. (3.13) can be written as
> (Fla=b)—Fla+b)==> F(k) > 1
(a+b)z=n E>1 (a+b)z:%
a=0( mod m) ma+mb=k
b=0( mod m)
k
==Y Fk) >, 1=-=> F(k) (571) == Y F(mk)(k-1)
k>1 (at+b)z=% k>2m mk>2m
kln mk|n
atb=1 m||k l
==Y F(mk)(k—1)==>(k—1)F(mk) ==Y _ (k- 1) F(mk).
k>2 E>1 k| 2
O

Proof of Theorem 1.7. Proof is similar to Theorem 1.4 except for letting f(z) = z**! in Lemma
3.7. O

Lemma 3.8. Letm,n € N. Let F' : Z — C be an odd function. Then

> (Fla—b)—F(a+b)) =~ > kF(2mk).
(a,b,z)eN? kl 30
(a+b)z=n
a=m( mod 2m)
b=m( mod 2m)
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Proof. Proof is similar to the above. We observe that

> (F(a—b) — F(a+b))
(a+b)z=n
a=m( mod 2m)
b=m( mod 2m)

= > (F(a—b)— F(a+b))

(a+b)z=n

a=—m( mod 2m)
b=—m( mod 2m)
= Z (F(2ma — 2mb) — F(2ma + 2mb — 2m))
(2ma+2mb—2m)z=n
(3.14)
= Z (F(2ma — 2mb) — F(2ma + 2mb — 2m))
(at+b—1)z=5
B SUCI I SIS SRS SR
k>1 (at+b—1)z=5" (at+b—1)z=5" (a+b—1)z=5"
2ma—2mb=k 2ma—2mb=—k 2ma+2mb—2m=k
I S
k>1 (at+b—1)z=5"-
2ma+2mb—2m=k
Thus (3.14) is
> (Fla=b)—Fla+b) ==Y Fk) > 1
(a+b)z=n k>1 (at+b—1)z=5""
a=—m( mod 2m —
bE—m(( mod 2m)) a+b717%
k
== > Fk)g - = - > F@mk)k=- > kF(2mk)
k>2m 2mk>2m k>1
k|n 2mk|n kl o
2m|k
== > kF(2mk).
O

Proof of Theorem 1.8. Proof is similar to Theorem 1.4 except for letting f(z) = z**' in Lemma
3.8. O
4 Conclusions

Mainly, we consider the Liouville’s Identity and the generalization of the Liouville’s Identity by Huard,
Ou, Spearman and Williams, which are enable us to deduce some combinatoric convolution sums
formulae as
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l
Z (;i i 1) Z Q2 2ig2it1

=0 (a,b,z)eN?
(a+b)z=n

z=m( mod 2m)

1 n n n
= 5 oa2i+2( )_0'2l+1(m)—021+2(%)+0’2l+1(%)},

l 21+1
2 (22 + 1) R = ()
(a,b,x)eN?

1=0
(a+b)z=n

a=m( mod 2m)
b=m( mod 2m)

(see Theorem 1.6 and Theorem 1.8) and etc., by dealing with an odd function for m,n € N and
le NU{0}.
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