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Abstract

In this paper, we investigate the first integral method for solving the solutions of Maccari’s system. This idea
can obtain some exact solutions of this system based on the theory of Commutative algebra.
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1. Introduction

The first integral method was first proposed for solving
Burger-KdV equation [1] which is based on the ring
theory of commutative algebra. This method was further
developed by the same author in [2-10] and some other
mathematicians [2,11,12,13]. The present paper investi-
gates for the first time the applicability and effectiveness
of the first integral method on the Maccari’s. We consid-
er Maccari’s system:

iQ +Q,, +QR =0,
R +R, +(|Q|2)X =0.

For the first time, Maccari derived this system from
the Kadomtsev-Petviashvili equation by using asymptoti-
cally exact reduction method based Fourier expansion and
spatiotemporal rescaling [14]. Maccari’s system is a kind
of nonlinear evolution equations that are often presented
to describe the motion of the isolated waves, localized in
a small part of space, in many fields such as hydrody-
namic, plasma physics, nonlinear optic, etc. Zhang used
Exp-function method for seeking exact solutions of
Maccari’s system [15].

The remaining structure of this article is organized as
follows: Section 2 is a brief introduction to the first in-
tegral method. In Section 3, implementing the first inte-
gral method, some new exact solutions for Maccari’s sy-
stem are reported. This describes ability and reliability of
the method. A conclusion and future directions for re-
search are all summarized in the last section.

)

2. The First Integral Method

Consider a general nonlinear PDE in the form
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P(u,ut,ux,uy,uxx,un,uyy,uxt,uxy,uyt,uxxx,n-):0. 2

Using the wave variable 7 = x+ gy—2kt carries in-
to the following ODE:

Q(U,U',U”,U,N,"')ZO, (3)

where prime denotes the derivative with respect to the
same variable 7.

Next, we introduce new independent variables x=u,
y =u, which change to a system of ODEs

X' =y
4
{y'= f(x,y). @

According to the qualitative theory of differential equ-
ations [1], if one can find two first integrals to system (4)
under the same conditions, then analytic solutions to (4)
can be solved directly. However, in general, it is difficult
to realize this even for a single first integral, because for a
given plane autonomous system, there is no general theo-
ry telling us how to find it’s first integrals in a systematic
way. A key idea of our approach here to find first inte-
gral is to utilize the division theorem. For convenience,
first let us recall the division theorem for two variables in
the complex domain C [4].

Theorem 2.1. Division theorem (see [14]) Suppose
that P(x,y) and Q(x,y) are polynomials of two va-
riables x and y in C[x,y] and P(x,y) is irreducible
in C[x,y]. If Q(x,y) vanishes at all zero points of
P(xy), then there exists a polynomial G(x,y) in
C[x,y] suchthat Q(x,y)=P(xy)G(x,y).

3. Exact Solutions for Maccari’s System

In order to seek exact solutions of system (1), we sup-
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pose

Q(x.y.t)=u(x,y,t)exp[i(kx+ay+At+l)], (5)

where k,a and A are constants to be determined later,

| is an arbitrary constant. Substituting Equation (5) into
system (1) and yields

i(u, +2ku, )+u —(/1+k2)u+uR =0,

(6)
R +R, +(u2)x =0,
Using the transformation
u=u(n),R=R(n),n=x+By-2kt, 7

where S is a constant, system (6) become the follow-
ing
u”—(A+k*Ju+ur =0,
, ®)
(B-2K)R"+(u?) =0,

where prime denotes the differential with respect to 7.
Integrating the second segment of Equation (8) with re-
spect to 7 and taking the integration constant as zero
yields yields
-1 e
-2k
Substituting Equation (9) into the first segment of (8)
yields

©)

1 5_
T =0. (10)

Next, we introduce new independent variables x=u,
y =u, which change Equation (10) to a system of ODEs

u”—(/1+k2)u—

X'=y
y’=(/1+k2)x+

1 (11)
B-2k
Now, we are applying the Division Theorem to seek

the first integral to (9). Suppose that x=x(7») and
y =y(n) are the nontrivial solutions to (9), and

p(x)= 24 (x)Y
is an irreducible polynomial in C[x,y] such that
p(x(v»y(n)):gamx(n))y(n)‘:o, )

where &, (x)(i = --,m) are polynomials of x and
all relatlvely prlme 'in C[x,y]. a,(x)=0. Equation
(10) is also called the first integral to (9). We start our

study by assuming m=1 in (12). Note that g_p is a
n
polynomial in x and y, and p|[ x(77),y(r)]=0 implies
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dp

47714y

polynomial H(x,y)=
that

dp|
dn

= ia{(x)yiﬂ +§iai (x)y”((/1+k2)x+ ﬁ—lzk ij
= (h0x)+a(y)| Za 00 |

=0. By the Division Theorem, there exists a

h(x)+g(x)y in C[x,y] such

[6p o, op ayj
W) ox on oy on

(13)
where prime denotes differentiating with respect to the

variable x. On equating the coefficients of y'(i=2,1,0)
on both sides of (13), we have

a/(x) = g(x)a (), (14)

3 (x) =h(x)a, (x)+ 9 (x)a (x), (15)

2 1 3 —
((/Hk) =) j—h(x)ao(x). (16)

Since, a, (x) is a polynomial of x, from (12) we con-
clude that a,(x) is a constantand g(x)=0. For sim-
plicity, we take a, (x)=1, and balancing the degrees of
h(x) and a,(x) we conclude that deg h(x)=1, only.
Now suppose that h(x)= Ax+B, then From (13), we
find
1,..

EAX +Bx+D,

3(x)=

where D is an arbitrary integration constant. Substi-
tuting a,(x), a(x) and h(x) in (14) and setting all
the coefficients of powers x to be zero, we obtain a
system of nonlinear algebraic equations and by solving it,
we obtain the following solutions:

_ N2 oo V2
A= ﬂ_ZK,B—O,D—T(/Hk)«/ﬂ—Zk, (17)

A=— \/,b’\/—_i B=0,D= —£(/1 +k*)/B-2k. (18)

Using (15) and (16) in (10), we obtain

2o, N2(a+KP) -2k

y+ X"+ =0,
2./ -2k 2
and
2, V2(a+k?)JB-2K .
—_ X5 — = ,
Y 2B -2k 2

respectively. Combining this equations with (9), we ob-
tain the exact solutions of Equation (10) as follows:
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u (17) = 2k = BNA+K* ta”h[—%i\/ﬂﬂz U—WWClJ,
u, (7) = 2k = BV A+K? tanh[%i\//uk? ”‘\/mmclj,

where ¢, is an arbitrary constant. Therefore, the exact solutions to (10) can be written as

U (X, y,t) =2k - BN A+K? tanh(—gi\/ﬂwkz (x+/5’y—2kt)—1/2k—/5’\//1+k201}
U, (X, y,t) =2k — BN A+K? tanh[%i\//1+k2 (X+ﬂy—2kt)—«/2k—ﬂ\/ﬂ+kZCl].

Then exact solutions for system (1) are

V2 NA+K? (x+,8y—2kt)—1/2k—ﬂ\//1+kzclj,

R = —(ﬂ,—i—kz)tanhz(—?i

(19)
Q, = ek ) ok — B2 +k? tanh(—gi\//l +k? (x+ By —2kt) -2k - BV A+ kzclJ.
and
R, =—(4+ kz)tanh{%i\/m k? (x+ By —2kt) -2k — BN A+ kzclJ,
(20)

Q, = ' ) ok — g1 +k? tanh (%i\/m k2 (x+ By —2kt) =2k — S A+ kzclj.

Now we assume that m = 2 in (10). By the Division
Theorem, there exists a polynomial
H(x,y)=h(x)+g(x)y in C[x,y] suchthat

dp :[@ﬁﬂﬂj
d77(11) ox on oy on a1
— . ' i+l i-1 2 1 3
_g;ai(x)y +I:0|a,(x)y ((ﬂ+k)x+ _kaJ
= (n(0+a(xy) Za )y |

(21)

On equating the coefficients of y'(i=3,2,1,0) on
both sides of (21), we have

8 (x)=g(x)a, (x), (22)
a/(x)=h(x)a, (x)+g(x)a(x), (23)
lo) — 2 1 3
%(X)——Zaz(x)((/1+k )X+(ﬁ—2k)x J 1)
+h(x)a, (x)+9(x)ag (%),
al(x)((ﬂ+k2)x+(ﬂ_12k)x3J:h(x)ao(X). (25)

Since, a,(x) is a polynomial of x, from (20) we
conclude that a,(x) is a constant and g(x)=0. For

Copyright © 2011 SciRes.

simplicity, we take a,(x)=1, and balancing the de-
grees of h(x), ay(x) and a (x) we conclude that deg
h(x)=1 or 0, therefore we have two cases:

Casel:

Suppose that deg h(x)=1 and h(x)= Ax+B, then
from (21) we find

al(x):%sz+Bx+ D,

where D is an arbitrary integration constant. From (22)
we find

ao(x) = A_Z_; x* +EX3
8 2(ﬂ—2k) 2

+(%(AD+ B? —2(/1+k2))jx2 +BDx+E,

where E is an arbitrary integration constant. Substituting
a,(x), a(x) and h(x) in (25) and setting all the co-
efficients of powers x to be zero, we obtain a system of
nonlinear algebraic equations and by solving it, we obtain

(2+K2) (B-2K)
2

D = (4+K?)yf2(8-2K), (26)

_ 22

JB-2k’

, B=0,
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and

2
B=0,
D = —(1+k*){2(8-2kK), @0
2
JB-2k

Using (26) and (25) in (10), we obtain

1 , (A+K°)B-2k
X° + =

y+ 2(-2K) V2
and
1 , (A+K*)JB-2K 0
NS

respectively. Combining this Equations with (11), we
obtain two exact solutions to Equation (10) which was
obtained in case m =1, i.e.

u, (7) =+/2k — BVk? + 2 tanh [—gi\/kz +An-2k-pK? +/1clJ,
= J2k — S+/k? + A tanh [%i\/kz +An—+2k—pBJk? +/101J.

where ¢, isan arbitrary constant. Therefore, the exact solutions to (10) can be written as

u (X, y,t) =2k - VA +k? tanh(——lx//sz X+ By —2kt)—/2k — \//1+k2c1J

U, (X, y,t) = 2k = BN A+K? tanh[%i\//%rkz (x+ﬁy—2kt)—,/2k—,3x//1+kzclJ.

Then the exact solutions for system (1) are:

R, = —<,1+k2)tanh{—%i\//1+k2 (x+ﬁy—2kt)—«/2k—/3\//1+k201}
(28)
Q, = &M ) ok — B4 +k? tanh[——lx//1+k X+ Sy —2kt)— 2k - 8 \//1+k2clJ
and
—(,1+k2)tanh2[%i\/z+k2 (x+ﬂy—2kt)—«/2k—ﬁx//1+kzcl},
(29)
Q, = ' ) Pk — A +k? tanh (%i\//ﬂkz (x+ﬂy—2kt)—1/2k—ﬂ\//1+kzcl].
Case 2: 1
In this case suppose that deg h(x)=0 and y2—(1+k2)x2—2(ﬂ_2k)x4 =

h(x)= A, then from (21) we find a,(x)= Ax+B,
where B is an arbitrary integration constant. From (22)

we find
_l 4 A2 2 2
X)=———x"+| ——(A1+k") [x“+ ABx+ D,
%)= 3052 [ 7 )J
where D is an arbitrary integration constant. Substi-
tuting a,(x), a(x) and h(x) in (23) and setting all
the coefficients of powers x to be zero, we obtain a sys-
tem of nonlinear algebraic equations and by solving it,
we obtain
A=0,B=0. (30)
Using (28) in (10), we obtain

Copyright © 2011 SciRes.

Combining this equations with (9), we obtain the exact
solutions to Equation (10) as follows:

BT g e i

3(7) _ a2 P NFBNAE | a1 ’

| 4\/—WW[«/}1WW”MWJ
«(1)= L 4[2fqmm ZnWJ ’

where c, is an arbitrary constant. Then the exact solu-
tions to (10) can be written as:
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3G ok el e e a a

Uy (X, y,t)

Uy (X, y,t)

_4e2«/501\/ﬂ—2kx/ﬂ+k2 n e—2(x+ﬂy—2kt)x/l+k2

4\/§M m e(ﬁqﬂmf(”ﬂv%mm )

Then solutions of system (1) are

4 [2ﬁq,/ﬁ72k\/1+k272(x+5y72kt)\/z+k2j
e

2[ 20, [B=2kN A+ —(x+ By—2kt)\ A-+k2
- —32(/1+k2)e[ * vzl
? (_462«/501\/#?\/4%2 +e—2(x+ﬂy—2kt)«/l+k2 jz
(31)
V20, JB=2K N A+k? —(x+By—2kt W A+k? +i(kn+ay+At+]
o- W TR ke S )
3 —462\5“’1‘/@\“”2 +e—2(x+ﬂy—2kt)\/i+kz '
and
2| V20 \[B—2k N A+k? —(x+ By -2kt )W A+k?
—32(/1+k2)e( i ot-aplt)
! 14 (Zﬁola/ﬂ—ZK\/M-kz—2(x+ﬂy—2kt)«/i+k2) 2
—4e
(32)
V2 1//?—Zk\//IJrkz— X+ y—2kt \M+k2 +i(kx+ay+At+l
o - 4x/§\/ﬂ—2kx//l+k2e[ * )
4 4 (Zﬁqﬂv}Hrkz—2(x+ﬂy—2kt)«/i+k2) l
—4e

4. Conclusions

We described this method for finding some new exact
solutions for the Maccari’s system. We have obtained
four exact solutions to the Maccari’s system. The solu-
tions obtained are expressed by the hyperbolic and ex-
ponential functions. These new solutions may be impor-
tant for the explanation of some practical physical prob-
lems. This also suggests that one can find different solu-
tions by choosing different methods.
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