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Abstract 

 
Hypercyclicity criterion has been an important tool in the test of hypercyclicity of different operators. This 

tool has been used by different mathematicians to show that generalized derivations, left and right 

multiplication operators, operator algebra and backward shift operators are hypercyclic. In the current paper 

we show that a basic elementary operator satisfies the hypercyclicity Criterion. 
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1 Introduction 
 

Let 𝐾 be a separable Hilbert space and A(K) be the set of bounded linear operators on 𝐾. Then  𝐴(𝐾) is a c* 

algebra. An elementary operator on A(K) is the operator 𝑀𝑇,𝑆 defined by 𝑀𝑇,𝑆𝑋 = 𝑇𝑋𝑆∀𝑋 ∈ 𝐴(𝐾) where 𝑇, 𝑆 ∈

𝐴(𝐾) are fixed. 

 

A subset 𝐽 ⊆ 𝐴(𝐾) is called a Hilbert space ideal of A(K) if; 

 

 (i)J is a linear subspace of A(K) 

 

(ii) The norm ‖. ‖𝐽 is complete in J with ‖𝑆‖ ≤ ‖𝑆‖𝐽∀𝑆 ∈ 𝐽 where ‖. ‖ is the norm in A(K) and ‖. ‖𝐽 is the norm  

in J For all 𝐷, 𝐵 ∈ 𝐴(𝐾) and 𝑆 ∈ 𝐽, we have 𝐵𝑆𝐷 ∈ 𝐽 and ‖𝐵𝑆𝐷‖𝐽 ≤ ‖𝐵‖‖𝑆‖‖𝐷‖𝐽 

 

(iii)For all 𝐷, 𝐵 ∈ 𝐴(𝐾) and 𝑆 ∈ 𝐽, we have 𝐵𝑆𝐷 ∈ 𝐽 and ‖𝐵𝑆𝐷‖𝐽 ≤ ‖𝐵‖‖𝑆‖‖𝐷‖𝐽 

 

(iv) The rank one operator 𝑥∗⨂𝑥 ∈ 𝐽 whereby ‖𝑥∗⨂𝑥‖𝐽 = ‖𝑥∗‖‖𝑥‖∀𝑥∗ ∈ 𝐾∗ and 𝑥 ∈ 𝐾 

 

Recall that rank one operator 𝑥∗⨂𝑥: 𝐾 → 𝐾 is defined by  

 

(𝑥∗⨂𝑥)𝑧 = 〈𝑥∗, 𝑧〉𝑥 = 𝑥∗(𝑧)𝑥 for 𝑥∗ ∈ 𝐾∗ and 𝑥 ∈ 𝐾 for all 𝑧 ∈ 𝐾. 

 

The space 𝐹(𝐾) of all finite rank operators is a linear span of the rank one operators, that is, 

 

𝐹(𝐾) = 𝐾∗⨂𝐾 = {∑ 𝑥∗
𝑖

𝑛
𝑖=1 ⨂𝑥𝑖 : 𝑥∗

𝑖 ∈ 𝐾∗ and 𝑥𝑖 ∈ 𝐾,n≥ 1} 

 

The Hilbert space ideal J is separable when it contains the finite rank operators as a dense subset with respect to 

the norm ‖. ‖𝐽, i.e  𝐹(𝐾)̅̅ ̅̅ ̅̅ ̅‖.‖𝐽 =J 

 

For a separable Hilbert space K, an operator 𝑇 ∈ 𝐴(𝐾) is hypercyclic if there exists an 𝑥 ∈ 𝑋 such that the orbit 

of x under T is dense in K, that is {𝑇𝑛𝑥: 𝑛 ≥ 0̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ } = 𝐾. 

 

Kawira et al [1] showed that 𝐴(𝐾) is separable for aseparable Hilbert space K and that 𝑀𝑇,𝑆: 𝐴(𝐾) → 𝐴(𝐾) is 

hypercyclic [2]. 

 

2 Hypercyclicity Criterion 
 

Let 𝑇 ∈ 𝐴(𝐾). We say that T satisfies the hypercyclicity criterion if there exists a linear subspace 𝐾𝑂 ⊆ 𝐾, an 

increasing sequence (𝑛𝑘) of integers and linear maps 𝑆𝑛𝑘
: 𝐾𝑂 → 𝐾, 𝑘 ≥ 1 such that for any 𝑥 ∈ 𝐾𝑜 , we have; 

 

(i)𝑇𝑛𝑘𝑥 → 0 

 

(ii)𝑆𝑛𝑘
𝑥 → 0 

 

(iii)𝑇𝑛𝑘𝑆𝑛𝑘
𝑥 → 0    as 𝑛 → ∞ 

 

Leon and Montes [3] proved that backward shifts operators satisfies the hypercyclicity criterion [4]. Yousefi and 

Rezaei [5] showed that an operator T satisfies the hypothesis of the hypercyclicity criterion while De la Rosa [6] 

showed that a bounded linear operator T satisfies the hypercyclicity criterion [7]. 

 

According to Bayart et al [8] if T satisfies the hypercyclicity criterion then it is hypercyclic. However there 

exists hypercyclic operators that do not satisfy the hypercyclicity criterion as shown by Rosa and Read [9]. 

 

For a separable ideal 𝐽 ⊂ 𝐴(𝐾), Bonet et al [10] showed that [11]: 

 
(𝑖)𝐿𝐴 is hypercyclic on J iff 𝐴 ∈ 𝐴(𝐾) satisfies the hypercyclicity criterion. 
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(𝑖𝑖)𝑅𝐵 is hypercyclic on J iff 𝐵∗ ∈ 𝐴(𝐾∗) satisfies the hypercyclicity criterion. 

 

In this paper we seek to establish whether 𝑀𝑇,𝑆 satisfies the hypercyclicity criterion. We will consider the C* 

algebra A(K) which is endowed with a strong operator topology. Also we consider the Hilbert space K 

consisting of the space of sequences that tend to zero, the weighted backward shift operators on K and the 

identity operators S on K. Note that 𝑇 ∈ 𝐴(𝐾) is bounded since 𝑠𝑢𝑝𝑛‖𝑤𝑛‖ < ∞ 

 

3 Main Result 
 

Theorem 3.1 

 

Let K be a separable Hilbert space and let A(K) be a strong operator topology C* algebra. Define a basic 

elementary operator 𝑀𝑇,𝑆  on 𝐴(𝐾)  by 𝑀𝑇,𝑆𝑋 = 𝑇𝑋𝑆, ∀𝑋 ∈ 𝐴(𝐾)  with T,S ∈ 𝐴(𝐾)  fixed with T an identity 

operator on K. Then 𝑀𝑇,𝑆 satisfies the hypercyclicity criterion [12]. 

 

Proof 

 

Let J be an admissible separable Hilbert space ideal on K and consider a dense linear subspace 𝐾𝑂 ⊂ 𝐾, a 

sequence {n} of positive integers and a sequence of linear maps 𝑤𝑛: 𝐾0 → 𝐾 such that   lim
𝑛→∞

𝑊𝑛 𝑥 = 0  and  

lim
𝑛→∞

𝑇𝑛𝑊𝑛 𝑥 = 𝑥 

 

Consider the rank one operators 𝐾∗⨂𝐾 of J. Define linear maps 𝑀𝐼,𝑤𝑛
: 𝐾∗⨂𝐾𝑜 → 𝐾∗⨂𝐾  by 

 

𝑀𝐼,𝑤𝑛
(𝑥∗⨂𝑥)𝑦 = 𝐼(𝑥∗⨂𝑥)𝑊𝑛𝑦∀𝑦 ∈ 𝐾𝑂 and 𝑛 ≥ 1 

 

Gilmore [12] showed that 𝐾∗⨂𝐾 is dense in J. Then 𝑀𝑇,𝑆 satisfies the hypercyclicity criterion since 

 

(i) 𝑀𝑛
𝑇,𝑆(𝑥∗⨂𝑥)𝑦 = 𝑇𝑛(𝑥∗⨂𝑥)𝑆𝑛𝑦 

 

= 𝑇𝑛(𝑥∗(𝑆𝑛𝑦)𝑥) 

 

=𝑥∗(𝑆𝑛𝑦)𝑇𝑛𝑥 

 

Thus‖𝑀𝑛
𝑇,𝑆(𝑥∗⨂𝑥)𝑦‖

𝐽
= ‖𝑥∗(𝑆𝑛𝑦)𝑇𝑛𝑥‖𝐽 

 

=|𝑥∗(𝑆𝑛𝑦)|‖𝑇𝑛𝑥‖ 

 

Taking limits as 𝑛 → ∞ we get, 

 

lim
𝑛→∞

‖𝑀𝑛
𝑇,𝑆(𝑥∗⨂𝑥)𝑦‖

𝐽
= |𝑥∗(𝑆𝑛𝑦)|0 = 0 

 

Thus lim
𝑛→∞

𝑀𝑛
𝑇,𝑆(𝑥∗⨂𝑥)𝑦 = 0 

 

(ii) We have 𝑀𝐼,𝑊𝑛
(𝑥∗⨂𝑥)𝑦 = (𝑥∗⨂𝑥)𝑊𝑛𝑦 

 

= 𝑥∗(𝑊𝑛𝑦)𝐼(𝑥) 

 

Thus  ‖𝑀𝐼,𝑊𝑛
(𝑥∗⨂𝑥)𝑦‖

𝐽
= ‖𝑥∗(𝑊𝑛𝑦)𝐼𝑥‖𝐽 

 

=|𝑥∗(𝑊𝑛𝑦)|‖𝑥‖ 

 

Taking limits as 𝑛 → ∞ we get lim
𝑛→∞

‖𝑀𝐼,𝑊𝑛
(𝑥∗⨂𝑥)𝑦‖

𝐽
= 0 
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(iii) 𝑀𝑛
𝑇,𝑆𝑀𝐼,𝑊𝑛

(𝑥∗⨂𝑥)𝑦 = 𝑀𝑛
𝑇,𝑆𝑀𝐼,𝑊𝑛

(𝑥∗⨂𝑥)𝑦 

 

Thus 𝑀𝑛
𝑇,𝑆𝑀𝐼,𝑊𝑛

(𝑥∗⨂𝑥)𝑦 − (𝑥∗⨂𝑥)𝑦 

 

=𝑇𝑛𝑀𝐼,𝑊𝑛
(𝑥∗⨂𝑥)𝑆𝑛𝑦 − (𝑥∗⨂𝑥)𝑦 

 

=𝑇𝑛𝑀𝐼,𝑊𝑛
(𝑥∗(𝑆𝑛𝑦)𝑥) − 𝑥∗(𝑦)𝑥 

 

= 𝑇𝑛𝑥∗(𝑆𝑛𝑦)𝑊𝑛𝑥 − 𝑥∗(𝑦)𝑥 

 

= 𝑥∗(𝑆𝑛𝑦)(𝑇𝑛𝑊𝑛)𝑥 − 𝑥∗(𝑦)𝑥 

 

Thus ‖𝑀𝑛
𝑇,𝑆𝑀𝐼,𝑊𝑛

(𝑥∗⨂𝑥)𝑦 − (𝑥∗⨂𝑥)𝑦‖=‖𝑥∗(𝑆𝑛𝑦)(𝑇𝑛𝑊𝑛)𝑥 − 𝑥∗(𝑦)𝑥‖𝐽 

 

Taking limit as𝑛 → ∞ we get, 

 

lim
𝑛→∞

‖𝑀𝑛
𝑇,𝑆𝑀𝐼,𝑊𝑛

(𝑥∗⨂𝑥)𝑦 − (𝑥∗⨂𝑥)𝑦‖ = ‖𝑥∗(𝑦)𝑥 − 𝑥∗(𝑦)𝑥‖𝐽 = 0 

 

Thus 𝑀𝑛
𝑇,𝑆𝑀𝐼,𝑊𝑛

(𝑥∗⨂𝑥)𝑦 → (𝑥∗⨂𝑥)𝑦 as 𝑛 → ∞ 

 

Thus all the properties of hypercyclicity criterion are satisfied and so 𝑀𝑇,𝑆  satisfies the criterion. 

 

4 Conclusion 
 

We have shown that basic elementary operator satisfies the hypercyclicity criterion. Hypercyclicity criterion can 

also be tested on Jordan elementary operator. 

 

Disclaimer (Artificial Intelligence) 
 

Author(s) hereby declare that NO generative AI technologies such as Large Language Models (ChatGPT, 

COPILOT, etc) and text-to-image generators have been used during writing or editing of manuscripts.  

 

Competing Interests 
 

Authors have declared that no competing interests exist. 

 

References 
 

[1] Kawira E, King’ang’i D, Musundi S. Hypercyclicity of basic elementary operator. IOSR Journal of 

Mathematics. 2024;20:12-14. 

 

[2] Kitai C.  Invariant closed sets for linear operators. Ph.D Thesis, Univ. of Toronto; 1982. 

 

[3] Leon F, Montes R. Linear structure of hypercyclic vectors. Academic Press.1997;148:524-545. 

 

[4] Yousefi B, Rezaei H. On supercyclicity and hypercyclicity of the operator algebra acta mathematica 

sinica. 2008;46:174–180. 

 

[5] Yousefi B, Rezaei H.  Some necessary and sufficient conditions for hypercyclicity criterion. Proc. Indian. 

Acad. Sci. 2005;115:209-216. 

 

[6] De la Rosa M.  Hypercyclicity of operators that commute with the differentiation operator on the space of 

entire functions. Journal of Functional Analysis. 2022;282:108-391. 

 



 
 

 

 
Esther et al.; J. Adv. Math. Com. Sci., vol. 39, no. 8, pp. 1-5, 2024; Article no.JAMCS.120606 

 

 

 
5 

 

[7] Shkarin S.  The kitai criterion and backward shifts. Proc.AmerMath.Soc. 2006;136:1659–1670. 

 

[8] Bayart F, Matheron E. Dynamics of linear operators, Cambridge Tracts in Mathematics, Cambridge 

University Press. 2009;20:43-112 

 

[9] De La Rosa M, Read C. A hypercyclic operator whose direct sum 𝑇⨂𝑇 is not hypercyclic. J. Operator 

Theory. 2009;61:369–380. 

 

[10] Bonet J, Martinez F, PerisA. Universal and chaotic multipliers on spaces of operators.J.Math. Anal.Appl. 

2004;297(2):599–611. 

 

[11] Chan K. Hypercyclicity of the operator algebra for a separable Hilbert space. J. Operator Theory. 

1999;42:231–244. 

 

[12] Gilmore O. Dynamics of generalised derivations and elementary operators. Complex Analysis and 

Operator Theory. 2019;13:257–274. 

 
Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual author(s) and 

contributor(s) and not of the publisher and/or the editor(s). This publisher and/or the editor(s) disclaim responsibility for any injury to people or 

property resulting from any ideas, methods, instructions or products referred to in the content. 

__________________________________________________________________________________________ 
© Copyright (2024): Author(s). The licensee is the journal publisher. This is an Open Access article distributed under the terms of the 
Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and 

reproduction in any medium, provided the original work is properly cited. 
 

 

 

Peer-review history: 

The peer review history for this paper can be accessed here (Please copy paste the total link in your 
browser address bar) 

https://www.sdiarticle5.com/review-history/120606  

https://www.sdiarticle5.com/review-history/120606

