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Abstract

This paper deals with the problem of delay-dependent robust He filtering for switched T-S fuzzy
systems with interval time-varying delays and parameter uncertainties. This represents a novelty
in this research domain since to the best of our knowledge there is no paper, in the literature,
dealing with the delay-dependent robust H« filtering for switched T-S fuzzy systems time-
varying delays. Our attention is focused on the design of a full order filter that guarantees the
filtering error system to be robustly stable with a prescribed He performance. By choosing a
new Lyapunov function and using the convexity property, new sufficient conditions are derived
for stability robustness of the filtering error systems and are expressed in terms of linear matrix
inequalities. Finally, three examples are provided to demonstrate the effectiveness and the
superiority of the proposed design methods.

Keywords: T-S fuzzy systems; switched systems; interval time-delay systems; He filter; linear
matrix inequality (LMI).

1 Introduction

Over the past few years, the state estimation of dynamic systems has been extensively
investigated [1,2,3]. Compared with the traditional Kalman filtering, the H. filter technique has
several advantages. First, the noise sources in the H. filtering setting are arbitrary signals with
bounded energy or average power, and no exact statistics are required to be known [4]. Second,
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the H., filter has been shown to be much more robust to parameter uncertainty in a control system.
This advantage renders the H., filtering approach very appropriate in some pratical applications.
The L, — L., filtering technique is used in [5,6].

In recent years, T-S fuzzy model approach has been extended to H. filter or controller design
[7,8,9]. The problem of delay dependent robust H., filtering for T-S fuzzy time delay systems with
exponential stability was studied in [10]. In [11] the H< filtering of time-delay T-S fuzzy systems
was addressed by employing a piecewise Lyapunov-Krasovskii functional. In the case when
parameter uncertainty appears in T-S fuzzy system, the robust stability H. filter for a class of
Takagi-Sugeno (T-S) fuzzy descriptor was addressed in [12].

Many practical models in manufacturing, communication networks, automotive engine control,
chemical processes etc can be described by switched models [13-15]. The idea of switching
controller is introduced in order to overcome the shortcomings of the single controller and improve
system performance [16—18]. Some methods have been used in the study of switched systems
such as the multiple Lyapunov function [19]. Controller switching strategy is also motivated by
increasing performance requirements in control, especially in the presence of large uncertainties or
disturbances [20]. In [21], the exponential stability and guaranteed cost of switched linear systems
with mixed varying delays are studied. A few results are encountered in the literature for T-S fuzzy
switched systems with time delays. The delay dependent exponential stability is studied for
systems with norm bounded uncertainties in [22], and in [23] the stability robustness of T-S fuzzy
systems with two additive time varying delays is investigated by using the free weighting matrices
approach. In addition, the state estimation problem has been investigated for switched systems
with different performance indexes including He filtering design [24,25], Sufficient conditions for
the existence of the filter parameters are derived by introducing slack variables to eliminate the
cross coupling of system matrices and Lyapunov matrices and formulated in terms of LMIs [24]. In
[25], H< filtering design is developed by using switched Lyapunov functional approach for discrete
time switched systems with time delay. In [26], the problem of exponential H filtering for a class
of continuous-time switched linear system with interval time-varying delay are studied based on
the free-weighting matrix approach. Although we have cited many references dealing with He
filtering and stability, the problem of delay-dependent robust H filtering for T-S fuzzy switched
systems with interval time delays has not been investigated.

For uncertain switched T-S fuzzy time delay systems, this paper discusses the design methods of
delay dependent robust He filter. The parameter uncertainties are assumed to be time varying but
norm-bounded. The delay is time-varying with bounded magnitude and time derivative. Based on
Lyapunov-Krasovskii approach, we propose a design method of a filter that makes the filtering
error dynamics asymptotically stable for all admissible uncertainties and achieves a prescribed He
norm performance level. Sufficient conditions for the existence of the filter are derived and
formulated in terms of LMIs. Finally, three numerical examples are given to show the effectiveness
and the superiority of the proposed design methods.

2 Preliminaries and Problem Formulation

Consider a class of switched systems with T-S fuzzy subsystems as follows
RE:Ifn, (t)is Wi, n, (t)is W3, ..., n(t) is Wi

Then
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(V) = (Aig + 8AG(D)x(®) + (Adio + DAdic(®)x(t = T(1) + (Bw o + ABwi 6())w (V)
y(© = (Cig + ACio())x(t) + (Cgic + Alqic()x(t — T(1)) + (Dyi o + ADy 5(D)W(D) 2.1)
2(t) = (Lig + ALig())x(8) + (Laic + ALgio(0)x(t = 7(1)) + (G 6 + AGy o(D)Iw(D)
x(®) =¢(t) te[-h,,0] i=1,...,r
Where x(t) €R™ is the state vector; w(t) € RP is the disturbance input vector that belongs to L,
[0,); y(t) € R™is the measured output vector, z(t) € R? is the signal vector to be estimated, ¢
€C([~hy, 0], R") is a compatible vector-valued initial function, with norm ||$||=s Uve[—hy, 019 (O)II-

n,(t), n,(t),... n,(t) are the premise variables and W} I=1,...,s are the fuzzy sets. r is the number of

IF-THEN rules, the piecewise constant function o denoting a(t): [0, ) — F= {1,...,N} is a switching
signal to sEecify, at each time instant t, the index o € F of the active subsystem, i.e. 0 = j means
that the | subsystem is activated. In this case, the system matrices are denoted Aij, Agij

Bwi ¥ Cl] Cdijl D(.Ui j» Li jo Ldi j and G(.Uij fOI' constant matrices and, AAi l(t)’ AAdi ](t), ABwi ](t), ACI l(t)’
ACgi (D), ADy,;i (), AL;j{(t), ALgi (), AGy;(t) for parameter uncertainties, which are assumed to be
of the form:

[DA;(O DA AByi(O] =Dy Fij(t) [Eroij Eiaij Eiaif
[ACi{() ACqij(t) ADyi(©)] = Dy Fij(t) [Ez0ij Ez1ij Ezaif (2.2)
[ALi () ALgij(t) AGyi0)] = D3 Fij(t) [Esoij Esuij Esaif,

where Eqoi, E11ijs E12i5E20ij» E21ij» E22i7E30ij» Es1ij» Es2ijDiij» Dzijand Dz;; are known constant
matrices with appropriate dimensions, F;;(t) are unknown time-varying matrices with Lebesgue
measurable elements bounded by:

Fit) Fi(®) <1 (2.3)
1(t) is a bounded time varying delay, assumed to be differentiable, 7(t) = d, and satisfies:

0<h, <T(t) <h,
d, <d<d, (2.4)

By using the center-average defuzzifier, product inference and singleton fuzzifier, the global
dynamics of T-S fuzzy system (2.1) can be inferred as

£(0) = Biy 1,(n0) [(A5+ DA D) %) + (Agij+ DAgiO) x(t = T(D) + (Bui j+ ABui () w(®)]
y(® = X 1;(n) [(Cij+ AG j(t)) x(0) + (Cgi j+ ACqi {D)x(t = T(1) + (Dyyi j+ ADyi ](t))w(t)] 2.5)
2(0) = Z_ 1, (M) [ (L4 AL 0) X(O + (L + Al (O)x(t = T(D) + (G j+ AGiyi () (O

x(©) = ¢(t) te[-hy,0]

Where s, (n (6) = wi(nOVEi-s wi(N(®) , wi (O)=TT5: Wi (n, (©))

wi (r]v(t)) is the grade of the membership function of n,(t) in W/, some basic properties of
by (n(t) are: p; (n (1) 20, Xi-, b;(n(D) =1.

In this paper, we consider the following fuzzy filter:
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2(6) = Xy 1. (N(O)[Ci%(®) + Driy (0] (2.6)

{;((t) =X ui(n(t))[Ana?(t) + BfiY(t)]
20)=0

Where X(t) € R™ is the filter state, Z(t)e R? is the estimation vector of z(t) in fuzzy system
(2.1), A¢i;B¢iiCeijand Dejjare the filter matrices with appropriate dimensions, which are to be
designed.

From (2.5) and (2.6), we can obtain the filtering error system:

x(0) = (&) + DA;0) X + (Ag + AR (D)K(t = 1(0) + (B + ABy () w(®
e(®) = (6‘:j + AT (t)) (O + (T + ATg(O)X(t—T(D) + (% +AD,, (t)) w(®) (2.7)
x® =[0T®) 0], vte[~hy0],

Where %(t):=col {x(t) ()}, e(t):= z(t) - 2(t)

0
A=Y 1 (@) They M (n®) [Bf Cij Afi]:

aj 0],
Ay=21-11(10) S (V) [ ool

_ By: 0
By =21 1, (00) S 1 (10) [ 5 ) 28)

G=E, 1, (n®) Ty M (NO)ILij— Dri€iy  —Cril;
Cq=2i=1 1, (N(®) Bhieq w (NO)[Laij— Drifag] ;
Dy =211 1;(N(®) Theq b (N(®)[Goij— DriPuig] ;

_ ; 0
And AR;(1) = 3, b;(n(D) Zﬁ:mk(n(t))[ Ac:((lt()t)) 0]
dl]() O
AR (D= (M) Thes OO |5 160 o
wi 0
DBy (=X 1;(n(0) Ti 1uk(n(t))[B AD ]S)(t) 0]

AC;(0=%1-, 1;,(n(©®) Zheq u, (N®)ALi (O — DriAC () 0];
ACq (=X, b, ("](t)) Yk=1 “k(n(t))[ALdl i) — D ACq (D] ; (2.9)
AD i (©=X1_1 1;(n(®) Thoq B (N )[AGuwi {(£) — Dt i AD15(D)] ;

The robust H filtering problem to be addressed in this paper is formulated as follows:

Given the switched T-S fuzzy time-delay system (2.5) and a prescribed level of noise attenuation y
> 0, determine a filter in the form of (2.6) such that the following requirements are satisfied:
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(a) The system (2.7) with w (t) = 0 is asymptotically stable,
(b) Under zero initial conditions, for any nonzero w (t) € L, [0, «) and all admissible
uncertainties, (2.7) satisfies

llellz < vllw®ll, (2.10)
The following lemmas will be useful are introduced.

Lemma 2.2 [27]: LetQ = QT, Q, E, and F (t) satisfying FT(t)F(t) <I are appropriately dimensioned
matrices, the following inequality:

Q + QF(tE +ETFT(HQ" < 0
Is true, if and only if the following inequality holds for any scalar ¢ > 0
Q+ £71QQ +eETE< 0
Lemma 2.3 [28]: For any two matrices X and Y, we have
XTY +YTX < eX"™X + e71YTY
Where X € R™*" 'Y eR™" | and ¢ is any positive constant.

3 Fuzzy H., Performance Analysis

In this section, we propose sufficient stability criteria with an He~ norm bound performance index
for the filter error system (2.10).

Remark 3.1. The nominal system of (2.7), i.e., 44;;(t) = AA4;;(£)=4B,;; (t) = ACy;(t) = ACqy;(t) =
AD . (t) = AL (t) = ALg;;(t) = AG,; (t) = 0 is reduced to the system as follows

x(t) = 4x@) + A ;%(t — () + By jw(t)
e(t) = GE() + Cg;x(t — T(©)) + D,y w(t) (3.1)
() = [@T(t) 0]7, vt € [—hy, 0]

Where 4;,A4j, B,,j, C;, Caj and D,,; are defined in (2.8). In this case, we investigate the asysmptotic
stability and we can state the following theorem

Theorem 3.1 :Given scalars 0 < h, < h;,, d; <d, and y>0, the filter error system (3.1), is

asymptotically stable and has a prescribed H., performance level y, for all differentiable delay T

(t) €[ hg, hp] if there exist positive definite matrices Ry, Ry, Qp, Q4 P = [111 ﬁz],Rd,Pd and real
3

matrices x,q, (» = 1,2;q = 1,2, ...,6) with appropriate dimensions such that the following LMls (3.2)
are feasible where d = d,,or d,

M + [—15Qal, + Anxply + b xa] ha¥iiQo 8, Y5Q: Anxp Vi

; * —Qy 0 0 0
2oik = x « -0, o ol<o (3.2)

* * * —Q; 0

* * * * -1

Where
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P11j  P12j Qo 0 P15j P16j

¥ Q) 0 0 P2sj P26
0 = * Ra—RotRi—Q—Q 0 O 0
te * * * —Ry—Qi—Fq Qx 0
* * * * —(1—d)(Rd_Pa)—2Q/1 0

* * * * * _Vzl

P11; = P A + AiTjPl + P,By;iCyj + C,ZB}UPZT + Ry-Qp
Q12; = P Agij + AiTjPZT + Clsz];rijP3; Q=P34 + A;ijP3
®15j = P1Agij + PaBrijCaji P25; = P3 Aqij + P3ByijCaxj (3.3)
@16j = P1Byij + PoBrijDykjs  P26j = PZTBM-]- + P3BfijD gy
L=[0 0 0 -1 I 0]; ,=[0 0 I 0 —I O
Xpi= {Xp1 Xp2 Xp3 Xps Xps Xpe} p=1,2
Y;;=1[4; 0 0 0 Agij  Bwij] (3.4)
Y3j = [Lj = DsijCj —Crij 0 O Laij = DpijCaxj  Gaij = DrijDo)]
Proof: We introduce the following Lyapunov Krasovskii functional:
V(t, %) =Vp(t, %) + Vi (t, x,) (3.5)
Where %, denotes the function %(s) defined on [t-h,, t],
V,(t, %) = X" (t)PE(t) (3.6)

Valt,x) = f,, x7(s) Rox()ds+ [ xT () Ryx(s)ds+[ e

xT(s) Rgx(s)ds+ (3.7)

JomD X7 (5) Pax()dsthg [°, [}, 37(5) Qo (s)dsdd + Ay [ [}, X7 () Qi (s)dsd

Where R;, Q;, Ry, Ry, P;, Q,, and P= [111 Iljz are symmetric positive definite matrices with
3
appropriate dimensions and 4, = h;, — h,.
Let,
§=col{x(t) x(t) x(t—hy) x(t—hy) x(t—1() w(t)} (3.8)

Then, the error system (2.7) can be written as,

o r r Ylf
£(0) = B, (00) Thea w00 [, &

e(® = T, 1,(n®) Thoy v, (N®) 155€
x(t) = [@"(t) 0]
Where Y;; are defined in (3.4) and Yy; := [B;;Ckj Afij 0 0 BrijCaxj  BrijDuj).

(3.9)

220



Fatima and Tissir; BJMCS, 6(3): 215-232, 2015; Article no.BJMCS.2015.074

Using the expressions in (3.5) and taking the time-derivative of V(t,%.) along the solution of (3.1)
we obtain

Ut %) = 250 (D) Th 1uk(n(t))fT(t)P[ ]& (3.10)

Vi (t, x) = xT (O)Rox(t) = x"(t — hg)Ro x(t — hg) + x7 (t — hg)Ry x(t — hg)
—xT(t — hy)Ry x(t — hy) + xT(t — hy) Rg x(t — hy)- (1-d)xT (t — ©(t)) Ry x(t — T(t))

+(1-
d)xT(t = () Py x(t — (1)) — x7(t — hy)Py x(t — hy) + 227 (£) Qo (t) —
ha fi_y, X7 Qo (8)ds + KT (6) Qa(8) = My Ji, &7 (5)Qa%(s)dls (3.11)

Since T ()€ [hy, hy], we define p (t) = (hy —(t))/An, An = hy, — hy, and we use lemma 2.3. The
following inequalities are obtained,

haJf O < [ ) a)] IS | N (3.12)

—n [ 3T () Qa ($)ds ==y [ #T()Qa(5)ds — Ay [, 2T ()Qa (s)ds

=— (hy = T %7 ()Qui(s)ds - (2(0)- ho) [ 27 (5)Qz¢(s)ds
— (L= pO [ 5T ()Qa()ds — p(B)A e &7 (5)Qa(s)ds
x(t—h) ] -Q 0 x(t = hq)
s[x(t—hb)] [ £ =0 Hx(t—hb)]
x(t = (1) DN | Mee)|
- (1= p(®)) A [0 T (5)Qax (5)ds- p(E)An [t 47 ()Qat(s)dls (3.13)

In addition, by the Leibniz- Newton formula, the following equations are true for any real
matrices x,q, P= 1, 2; 9=1, 2,..., 6 with appropriate dimensions:

0= 22(1 = p(O)§ 11 [x(t = () = x(t = hy) = [T (s)ds],
0= 22, ()", [x(t = hg) = x(t = 7(8)) — ff_[;;gx@)ds], (3.14)

Xp = col{Xp1 Xpz Xps Apt Xps  Xpe},

Tacking account of (3.10)-(3.12) and (3.13)-(3.14), we can write,

V(tx) = 720" ©o(©) < ) 100) ) kN0 " My
i=1 k=1

t— ‘r(t)

A (A =p@®) [, " Ex +2T()Q)Q7 (X1 € + Qax(s))ds —
t—hg

A p(0) J; T(t)(fT)(z + 2T (0Q)Q5 (13§ + Qak(s))ds} (3.15)
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Where
My = (1 - p(t))nljik + p(t)nzjik
My = M + (=15 Qaly + Ay + Sulf x5 [+ Y QoY +SRYQaYs; + A 25 Q57 (3.16)
With x,, (p = 1,2), I}, I, and 1, are defined in (3.3).
Notice that, since Q; > 0, p (t) € [0,1], (3.15) implies the following:
V(t,x) —y*o" (o) < T u(®) Xkey b (N®) §7114;¢ (3.17)

Due to p (t) € [0,1], My; <O if 1T/,

<0, p=1, 2.
Applying the Schur Complement H;ik < 0 is equivalent to the following LMIs:

M, + [~IEQal, + Anxply + I x2]  ha¥5Q0  AY5Q1  Snxy

j, = * _QO 0 0 =
lpplk % " —Q/-t 0 < 0, p 1,2 (318)
* * * —Q;

And lIJJik < 0leads for d = d, or d, , to the following:

pl = "’pjik|d:dl< 0;1=1,2 (3.19)
Notice that
i dr—d i1 d—d j2
lppjik = azz—al lppjik + dz—dl1 qujz‘k (3.20)

Therefore, the LMIs (3.19) imply (3.18), and W;.k is convexin d € [d,, d,], for p=1,2.

L
Consequently, if the two LMIs (3.18) are feasible, then I1,; < 0. It follows from (3.17) that
V(t,x) —y20T()w() <0

From the above analysis, it can be easily seen that the asymptotic stability of the error system can
be obtained for w(t) = 0, thatis V(t,x,) < 0.

Next, assuming that ¥(t) = 0, for all t € [—h;, 0], we prove that for prescribed performance level
y>0, the H= performance |le||, < y|lw(t)]l, is guaranteed for all nonzero w(t) € L, [0, »).

Since Yi_; u;(n(D) =1, we can write e”(t)e(t) = Xi_; B,(N(D) Tz, M, (NMD) ETYS Y556, and (3.17)
lead to the following,

V(t,x) < 2oy 1,(N(0) Thay B (D) {71456 — e (e (t) + v 0" Dw (D)}, (3.21)
Where

My =(1- p(t))ﬁ{ik + p(t)ﬁgik
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ﬁj

Ve = M + [=15Qaly + Aty + Aly x5 ¥RV QoYa +A5 Y QaYas + Ahxp Q1 Xp +Ya, Y3 (3.22)

If the condition (3.2) holds, then by using the Schur Complement we obtain ﬁ;ik < 0 forp=1,2 and
consequently ﬁdj < 0 because of p(t) € [0,1]. In the same way as above, we can show that

'Pp"ik < 0,(p = 1,2) are also convex in d € [dy,d,]. Thus, we have,
V(t,x) < —eT(D)e(®) + Y2 (Dw(t) (3.23)

Integrating both sides of (3.23) from 0 to « on t, and considering the zero initial condition, we
obtains

fy € @e® <y* [§ o" w(t) (3.24)
Thatis [lell, < vllll, ,

Let 5/ = 1), — ITQuL, + Apxply + A IE x5 51 = [haYiQ0  2Y5Q0 Anxy  Y35);
- . _ i o~ ~ T

Q = diag {Qo, Q1, Q1. 13} 6/ =5/ +£]/Q7*5) ; and,

Sj — {(XT, yT‘ ZT, uT' ‘UT, qT)T/(XT,yT, ZT, uT' ‘UT, qT)QiJ (XT, yT' ZT, uT' ‘UT, qT)T < 0}

Then U]1-V=1 S; = R5™*?/{0}. Construct the following sets:

We get U S, = R /{0}, §;nS; =0 i # (3.25)
Now we construct the switching rule SR as,

o = j when & = (xT(t),2T(t), x"(t — hy), x"(t = hy),x"(t — 1), 0" ()" € S, j€ {1,2,,...,N}. So,
when ¢ € S, the Jjt" subsystem is activated. This completes the proof. [

Remark 3.2: Theorem 3.1 presents a sufficient condition of asymptotic stability of the error system
with time delay and guarantees an He norm bound performance level y. If we consider the non
switched system of (3.1), our result reduces to that obtained in [29]. Clearly, the results of [29]
cannot be used for switched fuzzy systems. This shows that our results may be viewed a
generalization of the results of [29].

Next, we will investigate the system subject to the uncertainties. In this case we are interested with
the robust stability and a criterion is stated in the following corollary.

Corollary 3.1 : Given a scalars 0 < h, < h;,, d; < d, and y>0, the filtering error system (2.7) is
robustly stable with a prescribed H.. performance level y , for all differentiable delay 1(t) €[ hy, h;], if
there exist positive definite matrices Ry, R;, Qo Qs P = [111 Z] Ry, Py, real matrices X,,, (p =

1,2;q = 1,2, ...,6) with appropriate dimensions, and positive scalars ¢, &,, &5 such that the following
LMIs are feasible where d = d,, d,
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S Hi el Hy &U, Hs &Us
x —gl 0 0 0 0 0
) * * —&1 0 0 0 0
] x  —gl 0 0 0 [<0 (3.26)
* * * * —&,1 0 0
* * * * * —&5l 0
* * * * * * —&,l ]

Where ), are define in (3.2), (3.3), (3.4) and
Hy =[Dl;P, DI;Pf 0 0 0 0 hoDfQy 6,D7;02 0 0]
H, = [D};BL;P} DIBL;P; 0 0 0 0 0 0 0 —-DJDf]"
Hy=[0 0 0 0 0 0 0 0 0 DI;]' (3.27)
Ui=[Ekoij 0 0 0 Epiij Exzj 0 0 0 0],

Proof: Replacing A;j, Ag;j, Buwij » Ckj» Cakjr Dwkj» Lijs Laij and G, by A;; +44;;(t),

Agij + AA4;5(8), Byij + AByi; (), Cyj + ACk;(t), Cayj + ACqx(t), Dyrj + ADyyj (),

Lij + AL;j(t), Lgij + ALg;(t) and G, + AG,,;(t) in (3.2) respectively, using lemma 2.2, lemma 2.3
and by Schur Complement we obtain the LMI defined in (3.26).

This completes the proof.

4 Fuzzy H~ Filter Design

In the sequel, the following theorem provides sufficient conditions for the existence of a filter in the
form (2.6) assuring an He performance for system (3.1) and shows how to determine the
parameter matrices of the filter.

Theorem 4.1 : Given scalars 0 < h, < h;,, d; <d, and y>0, the filter error system (3.1), , is
asymptotically stable and has a prescribed H., performance level y, for all differentiable delay T
(t) €[ hy, hy] if there exist positive definite matrices P;, U, Ry, Ry, Qo, Q,, P5, R;, and real matrices
Niijy Npijy Nagj, Naij » (=17 j=1,..,N) , and }; =col{Xy1 ZXpz Xps Xps Xps Xpe)
(p=12;i=1,..,r), with appropriate dimensions such that the following LMIs are feasible where
d=d,d,

i. U-P,<0 (4.1)
M + 15 Qaly + Mgl + 15 DT ha(F) Q0 () 02 Ayt ()
. j * —Qo 0 0 0
i. 1) (m,n) = . . -0, 0 0o [0 (42)
% * * —-Q; 0
* * * * —]
Where
P11j  P1zj Qo 0 P1sj P16
* @zz;’ 0 0 @zs;’ @zej
Aol ot Re-Re+Ri—Q - 0 Q 0
m * * * —R;—Qy— Py Qx 0
* * * * -1 -d)(Ry — Py) — 20, 0
* * * * * —y21

P11j = PrAyj + AL P+ Noyi G + i NJoi + Ro-Q
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@125 = Nipj + Afr,- U+ Cr7;j NZTnj; ©@22j=N1nj + N1Tnj
P15j = PrAgm + NopjCany P55 = UAgny + NopjCry (4.3)
P16j = PiBwmj + NonjDyyys ; §26j = UBymy + NopjDyyy

VP =[Ay 0 0 0 Am Bun]
Y%= [Lyj — NanjCnj —Ninj O O Lamy = NanjCanj  Guwny — NanjDuny |
Moreover, the filter matrices can be constructed by
Agij = Ny iU, By = Nyyj, Cpij = N3y jU™Y, Dyyy = Nyyj (i=1,2,....5;j=1,2,..N) (4.4)

Proof: Since U>0, there exist a nonsingular real nxn matrix P, and a real nxn matrix P; > 0 such
that U=P,P;1P]. Define,

Ji=diag {l, Py TP, 1,1,1,1,1,1,1,1} (4.5)
Multiplying Hz{ (i,k),p = 1,2 defined in (4.2) by JT on the left and by J on the right, taking,

Xpz = P3Py B2, Aij = P3Ny ;UT'P,y, By = Py ' Nygj, Cij = N3jjU ™' Py, Dyj = Ny, (4.6)

and replacing (Ay;j, Bfij, Crij, Dyij) in sJ, defined in (3.2) by (4}, Bij, Cyj,

pik Ei]'), we obtain,

ijr Pij»

Zhw =TI ()], p=1.2 @7
So 17; (i,k) <O0if Zz];ik < 0. On the other hand, it is clear from (4.1) that

P, -U=P, — P,P;1PT > 0. Applying Schur Complement vyields [111 22 >0. Therefore, we can
3

conclude from theorem 3.1 that the filter described by,

{f(t) = Yi=1 Ui(ﬂ(t)) (A;;x(t) + By (1)) 4.8)

Z(t) = Xi-q ui(n(t)) (C;;x(t) + Dyjy(D)

Where (A;;,B;;,C;;,D;;) are defined in (4.6), guarantees the asymptotically stable with the
prescribed He noise attenuation level y of the filtering error system (3.1).

Next, let x(t) = P,x(t) then from (4.8) we obtain the filter system (2.6) with the matrices given by
(4.4).

. y o X
Now, let £/ = 1T} — ITQaL, + An 2L, + AuIl 25, £ = [ha¥ii;Q0  MYi5iQ0  Andp Y]
- i . i ai ~_1aiT

Q = diag {Qo, 01, Q1. 13, 65, = £}, + 2/.07*L), , and

Sj — {(XT,yT, ZT, uT’ ‘UT, qT)T/(XT, yT' ZT, uT' UT, qT)Ql,]k (XT,yT, ZT, uT’ UT, qT)T < 0}

Then U]’-":1 §; = R5™*? /{0}. Constructing the sets S_J j=1,...,N, and the switching rule in the same
way as in the previous section completes the proof.
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Remark 4.2. In theorem 4.1, the problem of constructing the matrices of the filter system of the
form (2.6) that guarantees the asymptotic stability with Hoo norm bound attenuation of the error
system was investigated. The Hw filtering problem was investigated in[30] and [26] for switched
systems and in [31] for fuzzy systems. To the best of our knowledge, the Hw filtering problem has
not been investigated for TS fuzzy switched systems. So, our approch gives an insight into stability
and Hoo filtering analysis and synthesis. For lack of existence of results in the subject studied in
this paper, we will compare, through numerical examples, our approach with that of references
[26,30] considering only switched systems, and with [31] considering T-S fuzzy systems.

Next, similar to corollary 3.1, the main result for uncertain T-S fuzzy switched systems is presented
in the following corollary

Corollary 4.1: Given scalars 0 < h, < h;,, d; < d, and y>0, the filtering error system (2.7), is
robustly stable with a prescribed H., performance level vy, for all time varying delays 7 (t) € [ hy, hy]
if there exist positive definite matrices P, , U, Ry Ry Qo Qi P; Ry real matrices
Niijy Nogjy Naij, Nagj , (i=1,..,15j=1,..,N) , and ¢ =col{xp1 RXpz Xps Xps Xps Xpe)
p=12;i=1,..,r), with appropriate dimensions, and positive scalars ¢;,¢,,; such that the
following LMIs are feasible where d = d,,d,

i. U-pP, <0 (4.9)
I (Gi,k) H, &U H, &U, H; &Us
x —gl 0 0 0 0 0
. * * —&1 0 0 0 0
* * * * —&,1 0 0
* * * * * —&l 0
* * * * * * —&sl

Where 171’,' (i, k),H; and U; are defined in (4.2) and (3.27) respectively. Moreover, the filter matrices
can be constructed by (4.4).

5 Examples

In this section, three examples are given to show the effectiveness of the proposed method and to
compare with the literature results.

Example 5.1 ([30], [31]): Consider the following time-delay fuzzy system
Rule 1: If n, (t) is W,

%(t) = Ay x(t) + Ad11x(t - T(t)) + By 1w(t)

y(t) = Cqx(t) + Cdllx(t - T(t)) + Dyq1w(t)
Then
z(t) = Ly, x(t) + Ldllx(t - T(t)) + Gy1aw(t)

x(®) = o0 t € [~hy, 0]
And

Rule 2: If n,(t) is W,
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(1) = Ay x(t) + Ad21x(t - T(t)) + By w(t)

y(t) = Cpyx(t) + Cd21x(t - T(t)) + Dy w(t)
Then

z(t) = Ly x(t) + Ld21x(t - T(t)) + Gyaaw(t)

x(®) =6 t€ [~hy, 0]

. -2.1 0.1 -1.9 0 -1.1 0.1
with Ay = [ Zolian =Ty g lAe =T Sk
Agzy = [_(1)2 _(1).2]? Byi1 = [_(1)_2]? By = [8?], Cii=1[1 05;Cy=1[05 -06];
C411 = [-0.8 0.6]; C4p1 = [-0.2 1];Dy11 =0.3; D,py = —0.6;Ly; =[1 —0.5];
Ly; =[-02 0.3];Lg11 =1[0.1 0];Lgas =[0 0.2]; Gy11 = 0; Gy = 0;
Our purpose is to determine the minimum He prescribed attenuation level y for which the error
system is asymptotically stable. Taking h, = 0.3, we compute y for different values of h;,. The
results are summarized in Table 1. In table 2 we present the results for various values of h, when
h, = 0.2. It is clear that the results obtained with our method are better than those obtained by
applying the existing methods [30,31].

Table 1. Minimum values of H» performance y for given delay h;, with h, = 0.3

h,=1 h,=0.8 h,=0.6 h,=0.5
v [29] 0.37 0.35 0.34 0.34
v [30] 0.3481 0.3405 0.3322 0.3264
y (theorem 4.1) 0.2116 0.2007 0.1853 0.1750

Table 2. Minimum values of H» performance y for given delay h, with h, = 0.2

h, =1 h,=0.8 h,=0.6 h,=0.5
v [30] 0.3307 0.3244 0.3158 0.3148
y (theorem 4.1) 0.2124 0.2014 0.1857 0.1751

For h, = 0.3, h;, = 1, the filter parameters as given as follows:

A =[—7.9117 —3.7469]_A =[—2.2407 ~0.3109] . =[—0.4551]_
11 5.5546  0.9479 "2t 0.0384 —1.9337/" 71 0.3802 I’

—0.1321
Bfyy = [ 0.2398 ];Cf11 =[-7.7611 -2.3596]; C»; = [0.0481 —1.9574];

Example 5.2 [26]: In this example two cases are presented to demonstrate the effectiveness of
the proposed approach. Namely system with constant delay and system with time varying delay.

Case 1: consider a time varying delay switched nominal system (3.1), where h, = 0.2,
d, =0,d, = 0.4, y=2 with the following two subsystems

Subsystem 1 is described by

-2 0 -1 0 0
Ay = [ 0 _0.9] ;A = [ 0 _1]FBw11 = [1];C11 =[1 0LCui=1[0 1];
DW11 = 1, Lll = [1 2];Ld11 = [1 0], GWll = 01,

And subsystem 2 is described by

-2 0 -1 0 -0.5
Ay = [ 0 _0.7] ;Ag1n = [_1 _1];Bw12 = [ 2 ]FC12 =[0 1 Cuz=1[1 2]
Dyiz=1; Liz=1[2 1L;La12 =[0 1];Gp12 =02;
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Applying the results of [26], the maximum time delay h,, is found to be h,, = 0.6. Applying theorem
4.1 of this paper we obtain h;, = 09030. It is easy to verify that the results in this paper are less
conservative than the ones obtained in [26]. The filter parameters are given by,

3 _[05513 —7.4723]. _ [—4.2492

A =107 % 0.2242 —3.0191) B = [—1.1140

Cri1 = 10° x [0.1523 —2.0473]; Dsyq = —0.2272
.4 _[0.0948 —1.2768]. _ [-3.3350

Ariz = 107 [0.0408 —0.5489/) Bz = [—0.9112

Cr12 = 10° x [0.2306 —3.0986]; Dyy, = 0.6106

Case 2: consider a time delay switched nominal system (3.1), where h, = 0.3,d;, =0,d, = 0, y=8,
with the following two subsystems

Subsystem 1 is described by
-0.2 0 -1 0 0
An = [ 0 —0.8] iAann = [—1 —1];BWH = [1];611 =[1 0LCuy =10 1]

DW11 = 1, Lll = [1 0];Ld11 = [1 0], GWll = 01,
And subsystem 2 is described by

na= [0 o =[3 o= [0 b=t 0

Dy =1; Ly, = [1 1]FLd12 =[0 1]; Gz = 0.1;

Computing the upper bound h;, of time delay, we obtain by applying our results and those of [26],
h, =1.4270 and h;, =1 respectively. It is easy to verify that the results in this paper are less
conservative than the ones obtained in [26]. The filter parameters are given by,

Ao = [o —3.2600 1.5006]_ B = [—0.2092
1 —1.2327 0.0318" /11 1.1343
Cr11 = [-1.8983 0.4018]; Dfy; = 0.0290
Ao = [—1.0478 0.8190 1. _ [ 1.0905
f12 23136 -3.51770 /127108014
Cr1, = [-0.3187 —0.5311]; Ds;, = —0.6148

Example 5.3: In this section, we provide a numerical example to illustrate the developed H« filter
design approach. The uncertain T-S fuzzy switched time-delay system is described by two rules:

For the subsystem 1

PlantRule 1:If ny (t) is W;

x(t) = (A21 + AA21(t))X(t) + (Ad21 + AAle(t))x(t - T(t)) + (Bw21 + ABle(t))‘U(t)
y(t) = (Czl + AC21(t))X(t) + (Cgz21 + ACd21(t))x(t - T(t)) + (Dyz1 + 4Dy, (1)) w(t)
z(t) = (L21 + AL21(t))X(t) + (Lg21 + ALle(t))x(t - T(t)) + (Gw21 + AGw21(t))w(t)
x(t)=¢@) te[-h,,0] i=1,..r
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%(t) = (A + 441, (0))x(t) + (Ag11 + 4411 () x(t = 7(©)) + (By11 + 4By11 (D) (t)
y(t) = (C11 + ACn(t))x(t) + (Cq11 + ACdn(t))x(t - T(t)) + (lel + ADwn(t))w(t)
z(t) = (L11 + AL11(t))x(t) + (Lg11 + ALdn(t))x(t - T(t)) + (Gwn + AGwn(t))‘U(t)
x(t) =¢t) te[-hy,0] i=1,...,7

PlantRule 2: If ny(t) is W,

x(t) = (A21 + AA21(t))x(t) + (Ad21 + AAle(t))x(t - T(t)) + (Bw21 + ABw21(t))w(t)
Y() = (Ca1 + AC21 (0))x() + (Cazy + ACaz1 ())x(t = 7(8)) + (D21 + ADy21 (1)) w ()
z(t) = (L21 + AL21(t))x(t) + (L1 + ALd21(t))x(t - T(t)) + (Gyz1 + 4Gy (D)) (t)
x(t) =¢(t) te[-hy,0] i=1,...,7

And for the subsystem 2
PlantRule 1: If nq (t) is W,

%(6) = (Arz + A415(0))x(©) + (Agrz + AAr15(0))x(t = T(0)) + (Byaz + 4By () w(t)
y() = (C12 + AC,, (t))x(t) + (Car2 + ACdn(t))x(t - T(t)) + (Dw1z + 4Dy 12 () w(t)
z(t) = (Liz + ALz (0)x(0) + (La1z + ALar2 (0)x(t — 7(8)) + (Gy1z + AGyy12(D)(t)
x(t) =¢() te[-hy,0] i=1,...,r

PlantRule 2: If n,(t) is W,

£(t) = (A2 + A4 (D)) + (Agzz + A4y (D)x(t = 7(D) + (Buzz + ABuaa ()0 (0)
y(8) = (Cop + 4C2(1))x(t) + (Cazz + ACa5,(D)x(t — T(D) + (Dw2z + ADy2z (D)) (£)
z(t) = (Lzz + ALzz(t))X(t) + (Lgpp + ALdzz(t))x(t — T(t)) 4 (Gyz + AGyyp, () w(E)
x(t) =¢@) te[-h,,0] i=1,..,r
_[17 -1, _1-10 07, 101 . _
Where Ay = [0 _9] ;Agr = [_0.15 _1] ;Bpi1 = [_2] ;Ci = [_1 0]’
Ca11 = [0191];D0w11 =0.3; L111= [—(?-2 0.3]; Ldl& =[1 0]; Gy =—05;
A21 = [ 0 _9]:Ad21 = [005 _1], BWZl = [_2];C21 = [_021 0]’
Caz1 = [0121]; 0Dw21 =0.3; ino= [—00-2 0.3]; Lazs ? [0 1] Gy = —0.02;
=|" ; =" . = _O . — .
Az = [—0.5 —9]’Ad12 B [ -1 —1]' Buia = [ -2 ]’ClZ =[0 1k
Carz = [1122];é7wl2 = 0.3;L120T)£5i).2 00.3]; Laip = [1 50]; Gy1p = —0.15;
= : =Y . _ [-0.57. _ .
Azz = [ 0 —9]’Ad22 - [ -1 _1]' Byaz = [_0_2],sz =[0 15
Cazz =[1 2;Dyzp = —0.6;Ly, = [-0.2 0.3]; Lz, = [0 —1]; Gypp = 0.6

The membership functions u, and p, are given by

-1 forz; < -1 0 forz; < -1

11 1,1
w(n,®) = {;+;z1 forlzl <1 And p(n,(0) = {;+;z1 forlzl <1
1 forz; > 1 1 forz; > 1

The parameter uncertainties 44;;(t), AA4;;(t), ABy,;;(t), AC;;(t), ACq;;(t), AD,,;(t),
AL (t), ALg;j(t) and AG,,;;(t), i=1,2, j=1,2 are assumed to satisfy (2.2) and (2.3) with

0
Dlll = [_0'5];E1011 = [O 03], E1111 = [02 O], E1211 = 01, D211 = 08,
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Eyo11 = [0 0.3]; Ez111 =[0.2 0]; Ezz1(1) = 0.1; D3;; = 0.002; E3pq; = [0.1 0];
E3111 = [0.1 0] E3p1q = 0.1; D551 = [0_3]; Eio21 =[0.5 0] E1121 =[0 —0.2];
E1221 = 02, D221 = 06, E2021 = [05 O];E2121 = [0 —02], E2221 = 02, 0

D3z1 = 0.001; E5p; = [0.2 0]; Ez121 = [0.2 0]; E5pz1 = —0.5; D1y = [—0.5];
Ei012 = [0 0.3];E1112 =[0.2  0]; Eq212 = 0.1, Dz1, = 0.8;

Ezo12 = [0 0.3];Ez112 =[0.2 0]; Ezp12 0= 0.1; D31, = 0.004; E3p5, = [0.1  0];
E3112 = [0.1 O]; E3z1, = —0.2; D5, = [0.311 Ei022 = [0.5 0];E1122 =[0 —0.2];
Ei222 = 0.2;Dg55 = 0.6; Ez155 = [0.5 0] Ez122 = [0 —0.2]; Ezppp = 0.2;

D322 = 0002' E3022 = [02 0];E3122 = [02 0]; E3222 = —02,

Given h, = 0,d, = 0,d, = 0.2 and the upper bound h;, = 4.2

The H= performance level is specified to be 0.9 8. Applying corollary 4.1, the filter parameters are
obtained in the following.

A [7217.0968 —124.6463]. p _ [0.0147
f1 —14.7098 —125.1392" 11 7 10.0052
Cr11 = [-3.7125 5.7636]; Dy, =-0.0025
A —[-2831316 —67.5379]. p =[0.0038
fa1 1.6472 —135.62811" /21 7 10.0086
Cr21 = [1.0019 —10.2763]; Dy,, =0.0140
Ao = [—13.8393 585614 1. p _[ 0.041
f12 —0.7136 —136.57571" /127 1-0.0073
Cri2 =[7.6017 —25.5315]; Dy, =-4.5541x 107°
A —[~1536803 —20050 1. p _ [—0.0102
f22 —4.1752 —154.73750 7227 1-0.0178
Cr2z = [3.5613 —24.1776]; Dy, =-0.0392

6 Conclusion

In this paper, we have established delay dependent conditions for asymptotic stability with He
norm bound attenuation level for T-S fuzzy switched systems with interval time-varying delays. The
obtained conditions are extended to cover the robust stability in the case when the system is
subject to time varying bounded perturbations. The results are expressed in terms of LMIs whose
feasibility permits us to construct the matrices of a filter and guarantees the asymptotic or robust
stability of a filtering error system. The He filtering problem for the class of uncertain T-S fuzzy
switched systems with interval time-varying delays has not been considered before. So our results
are news and represent a starting point for the analysis and synthesis in this research domain..
The obtained results are less conservative than the existing ones. Numerical examples show the
effectiveness and the less conservativeness of the proposed method.
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