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ABSTRACT

In present paper we introduce the concepts of mixed g-monotone property and A,-symmetric
property, where ¢ is single valued mapping, for multi-valued mapping under any number of
variables and use it to obtain some existence and uniqueness fixed points for hybrid pair of
mappings under general contractive conditions in partially ordered metric spaces. Our results are
generalizations of several results in this direction. We equipped this paper with examples in order
to illustrate the effectiveness of our generalizations.
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1 INTRODUCTION

The study of fixed points for multi-valued
contraction mappings using the Hausdorff metric
was initiated by Nadler [1] and Markin [2].
Later many authors developed the existence of
fixed points for various multi-valued contractive
mappings under different conditions. For details,
we refer the reader to [3, 4, 5, 6, 7, 8, 9] and
the references therein. The theory of multi-
valued mappings has applications in control
theory, convex optimization, differential inclusion
and economics.

Let (X,d) be a metric space. We denote by
CB(X) the family of all nonempty closed and
bounded subsets of X and CL(X) the set of all
nonempty closed subsets of X.

For A,B € CB(X) and z € X, we denote
D(z,A) = alrelg d(z,a)

Let H be the Hausdorff metric in C'B(X) induced
by the metric d on X, that is

H(A, B) = max{sup D(a, B),sup D(A,b)}.
acA beB

Forany A,B € CB(X) and a € A, we have

D(a,B) < sup D(a,B) < H(A, B).
acA
Remark 1.1. [1] Let A,B € CB(X) and a € A.
If n > 0, then it is a simple consequence of the
definition of H(A, B) that there exists b € B such
that d(a,b) < H(A, B) + 1.

Lemma 1.1. [1]Let A,B € CB(X) and a > 1.
Then for every a € A, there exists b € B such
that d(a,b) < aH(A, B).

Definition 1.1. [1] An element z € X is said to
be a fixed point of a set valued mapping 7' : X —
CB(X)ifandonly if x € Tx.

In 1969, Nadler [1] extended the famous Banach
contraction principle from single-valued mapping
to multi-valued mapping and prove the following
theorem.

Theorem 1.2. [1]Let (X, d) be a complete metric
space and let T be a mapping from X into
CB(X). Assume that there exists ¢ € [0, 1] such
that

H(Txz,Ty) < cd(z,y),

forallxz,y € X. ThenT has a fixed point.

In [10] Bhaskar and Lakshmikantham proved
the existence of coupled fixed point for a
single valued mapping FF : X x X — X
under weak contractive conditions and as an
application they proved the existence of a unique
solution of a boundary value problem associated
with a first order ordinary differential equation.
Then, Lakshmikantham and Cirié [11] obtained a
coupled coincidence and coupled common fixed
point of two single valued mappings F': X x X —
X and g : X — X in the frame work of ordered
complete metric space.

The concept of coupled fixed point for multi
valued mapping F : X x X — CB(X) was
introduced by Beg and Butt [12] who followed
the technique of Bhaskar and Lakshmikantham
to define the mixed monotone property for F and
give sufficient conditions for the existence of its
coupled fixed point (not necessarily unique) in
an ordered space (X, d, =). On the other hand,
Samet and Vetro [13] established two coupled
fixed point theorems for multi valued nonlinear
contraction mapping F : X x X — CL(X)
with  A-symmetric property in partially ordered
metric spaces. Later several authors proved
coupled (tripled) coincidence and common fixed
point theorems for hybrid pairs in partially ordered
metric spaces and other spaces, we refer to
[14, 15,16, 17, 18, 19, 20].

Definition 1.2. [15] Let X be a nonempty set,
F : X x X — 2% (collection of all nonempty
subsets of X) and g : X — X. An element
(r,y) € X x X is called

(i) coupled fixed point of F if x € F(z,y) and
y € F(yz)

(ii) coupled coincidence point of a hybrid pair
F.gitg(z) € F(z,y) and g(y) € F(y, z)
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(iii) common coupled fixed point of a hybrid pair
Fgifz=g(x) € F(z,y)andy = g(y) €
F(y, ).

We denote the set of coupled coincidence point
of mappings F' and g by C(F,g). Note that if
(z,y) € C(F,g),then (y,x) is also in C(F, g).

Definition 1.3. [15]Let F : X x X — 2¥ be a
multi valued mapping and g be a self mapping on
X. The hybrid pair F, g is called w-compatible
if g(F(z,y)) C F(gx,gy) whenever (z,y) €
C(F,g).

The following is the main results of Beg and Butt
[12].

Definition 1.4. Let X be a partially ordered set
and F : X x X — CB(X) be a set valued
mapping. F' is said to be a mixed monotone
mapping if F' is order-preserving in = and order-
reversing in y i.e., x1 = X2, y2 =X Y1, Ti,Yi €
X (i = 1,2) implies for all u1 € F(z1,y1) there
exists us € F(x2,y2) such that u1 < us and for
allvy € F(y1,x1) there exists v2 € F(y2, z2) such
that vy R V1.

If < is the relation defined on the set X we can
define the partial order on the product space
X x X as

(u,v) 2 (z,y) ©u =z and

v>=y V(u,v),(z,y) € X x X.
The product metric on X x X is defined as

d((z1,91), (z2,92)) = d(21,22) + d(y1, y2),
for all z;,y; € X and (i =1,2).

Theorem 1.3. [12] Let (X,d, <) be a partially
ordered complete metric spaceand F : X x X —
CB(X) be a set valued mapping with non empty
closed bounded values satisfying:

(1) There exists k € (0,1) with
H(F(z,y), F(u,v)) < Sd((x.y), (u,v)),

for all (z,y) > (u,v).

Fix a partition {A, B} of the set A,, = {1,2,...

(2) Given Xi,Yi € X, (’L = 172) with x1 < x2
and y» <X y1 then for all u1 € F(z1,y1)
there exists uz € F(x2,y2) With ur =< us
and for all vi € F(y1,z1) there exists
vy € F(yg,Ig) with v2 =X U1 provided
d((ul,vl), (ug,m)) < 1.

(8) There exists xo,yo € X and some z; €
F(z0,%0), y1 € F(yo, o) Withzo < z1 and
Yo = w1 such that d((zo,yo), (z1,31)) <
1— k.

(4) If a nondecreasing sequence {x,} — = €
X then z, =< =z, for all n and if a
nonincreasing sequence y, — y € X
theny,, = vy, foralln.

Then F has a coupled fixed point.

Roldan et al. [21] introduced the concepts of
coincidence and common fixed points between
two single valued mappings in any number of
variable and gave the following definitions.

Definition 1.5. [21] Let g : X — X be mapping
and (X,d, <) be an ordered metric space, then
X is said to have the sequential g-monotone
property if it verifies the following properties:

(i) If {xm}m>0 is a non-decreasing sequence in
X and limy,— 00 Tm = z, then gz, < gz
for allm > 0,

(ii) If {ym}m>0 is @ non-increasing sequence in
X and limpy— 00 ym = vy, then gy, = gy
for all m > 0.

If g is the identity mapping, then X is said to have
the sequential monotone property.

Definition 1.6. [21] We say that F' and g are
commuting if gF(z1,...,2,) = F(gz1,...,92n)
for all z1,...,2, € X, and they are weakly
compatible if they commute at their coincidence
points.

,n},thatis, AUB = A,, and AN B = (), we will denote

Qap={0:A, = A,:0(A)C A and o(B) C B}

and

Qap={0:MA, = A,:0(A) C B and o(B) C A}.
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If (X, <) is a partially ordered space, z,y € X and ¢ € A,,, we will use the following notation

r=y, 1€A,
<. =
x_Lyb{xty, i€ B.

Definition 1.7. [21] Let (X, <) be a partially ordered set and F' : X* — X be a mapping. We say
that F' has the mixed g-monotone property if F' is g-monotone non-decreasing in arguments of A and

g-monotone non-increasing in arguments of B, that is, for all z1,z2,...,z,,y, 2, X and all 4, i.e., for
alli € A,.
9y gz = F(x1,.. ., Tic1,Y, Tit1y - Tn) =i F(T1,. ., Tic1,2,Tit1, .-, Tn)-

Henceforth, letoy,...,0n, 7 : A — A, be n+1 mappings and let ¢ be the (n+1)-tuple (o1,...,00, 7).

Definition 1.8. [21] A point (z1,x2,...,2z,) € X" is called a ¢-coincidence point of the mappings F
and g if
F(Zs;1)s -1 Toy(n)) = gT-¢;y forall .

If g is the identity mapping on X, then (z1,...,z,) € X™ is called a ¢— fixed point of the mappings
F.

Definition 1.9. A point (z1,z2,...,x,) € X" is called a common ¢-fixed point of the mappings F
and g if

F(l‘oi“), . ,Jfai(n)) = 0%r(i) = Tr(4) for all i.
Theorem 1.4. [21] Let (X, d, <) be a complete ordered metric space. Let ¢ = (o1,02,...,0,,T) be

a (n + 1)-tuple of mappings from {1,2,...,n} into itself such that — € Qa, g is a permutation and
verifying that o; € Qap ifie Aando; € Qapifie B. LetF : X" — X andg : X — X be two
mappings such that F has the mixed g-monotone property on X, F(X") C g(X) and g commutes
with F'. Assume that there exists k € [0, 1) verifying

d(F(z1, 22,5 @0), F(y1, 92, yn)) < k max d(gzi, gy:)

for which gx; =, gy, for all i. Suppose either F is continuous or X has the sequential g-monotone
property. If there exist j, . ...z} € X verifying

gazg(i> = F(xgi(l), xgi(Q), e, xgi<”)) for all .
Then F' and g have, at least, one ¢-coincidence point.

By using A-symmetric property Samet and Vetro [13] established two coupled fixed point theorems
for set valued mapping I : X x X — CL(X) by considering metric spaces endowed with partial
order as a generalization and extension of the recent result of Ciri¢ [4].

Let (X, d) be a metric space endowed with a partial order. We recall some of results that we use it in
second section.

Definition 1.10. [13] A function f : X x X — R is called lower semi-continuous if and only if for any
{zn} C X, {yn} C X and (z,y) € X x X, we have

lim (zn,yn) = (2,y) = f(z,y) < Uminf f(zn,yn)-
n—oo n— oo

Let G : X — X be a given mapping. We definethe set A C X x X by A = {(z,y) € X x X|G(z) <
G(y)}-
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Definition 1.11. [13] Let F': X x X — CL(X) be a given mapping. We say that F' is a A-symmetric
mapping if and only if
(z,y) € A= F(z,y) x F(y,z) CA.

Definition 1.12. [13] Let F : X x X — CL(X) be a given mapping. We say that (z,y) € X x X isa
coupled fixed point of F' if and only if

z € F(z,y) and y € F(y, ).

Theorem 1.5. [13] Let (X,d) be a complete metric space endowed with a partial order <. We
assume that A # (), i.e., there exists (zo,y0) € A. Let F : X x X — CL(X) be a A-symmetric
mapping. Suppose that the function f : X x X — [0, c0) defined by

f(@,y) = D(z, F(z,y)) + D(y, F(y,z)) for all z,y € X,
is lower semi-continuous and that there exists a function ¢ : [0,00) — [a,1), 0 < a < 1, satisfying

limsup¢(r) <1 for each t € [0,00).

r—tt

Assume that for any (z,y) € A there existu € F(z,y) andv € F(y,x) satisfying

o(f(z,y))[d(z,u) + d(y,v)] < f(z,y)
such that
fu,v) < o(f(2,y) [d(z,u) + d(y, v)].
Then F admits a coupled fixed point, i.e., there exists z = (z1,22) € X x X such that z1 € F(z1, 22)
and z; € F(zz,21).

The main results of this paper are presented in sections two and three. Section 2 is devoted to prove
a N-coincidence point theorems for hybrid pair of mappings in partially ordered metric space via
mixed monotone property without appeal to the completeness or closeness of the underlying space
or the continuity of the mappings involved therein. Section 3 is devoted to prove N-coincidence
point for hybrid pair of nonlinear contractions in partially ordered metric space by using A,4-symmetric
property instead of mixed g-monotone property. Examples are given to support our results.

2 N-COINCIDENCE POINTS FOR HYBRID PAIR OF
MAPPINGS VIA MIXED MONOTONE PROPERTY

Now, we define mixed g-monotone property for multi-valued mapping F' with n-variable and apply this
to obtain the existence of N-coincidence point of these mappings.
Definition 2.1. Consider A, B C X, we can define the following relations on the power set of X
e A <! Bifforany a ¢ Awecanfindb e B such thata < b,
e A=?RBifforanybe Bwecanfinda € Asuchthata < b,
e A=3BifA<'Band A=<?B.
Definition 2.2. Let (X, <) be a partially ordered set, F' : X" — CL(X) be multi-valued mapping

with n-variable and ¢ : X — X be single valued mapping. We say that F' has the mixed g-
monotone property if F'(z,y, z,w) is g-monotone non-decreasing in argument of A and g-monotone
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non-increasing in argument of B, that is, for any x1,x2,...,2i—1, %, Zit1,...,Tn,y and z € X we
have
gy =gz = F(x1,...,%i-1,Y,Tit1,--,Tn) jlw) F(z1,...,@i—1,2,Tit1, .., Tn)
N { F(Z1, .. @i 1, Y Tig1s ey ) <7D F(@1, . @1, 2,ig1, - ), 0 € A;
F(:II1,...,$¢_17y7$i+1,...,$n) t‘r(l) F(CL’l,...,Jli_l,Z,Z’i+1,...,JIn), xS B,
where,

(i) = 1, i€ A;
™= 2, ieB.
Theorem 2.1. Let (X, <,d) be an ordered metric space and ¢ = (o1,...,0n) be a (n)-tuple of
mappings from A,, = {1,2,...,n} into itself such that, o; € Qa,p ifi € Aando; € Qap ifi € B.
LetF : X" — CL(X) and g : X — X be hybrid pair of mappings such that F' has the mixed g-

monotone property, F(X™) C g(X) and g(X) is a complete subspace of X. Assume that there exist
a; € R,i € A verifying 7 a; < 1 and

H(F(z',...,2"),F(y",...,y")) < Zajd(ng,gyj) (2.1)

for which gz* <; gy'. If there exist =}, . . . .xk € X such that
{9(zt)} <7D F(zgi ™, ... z3""™), forall i € A, (2.2)

and X has the sequential g-monotone property. Then F and g have, at least, one N -coincidence
point or ¢-coincidence point as mentioned of Definition 1.8 of Roldan et al. [21].

Proof. By (4.2), F(X™) C g(X)and F(z3*™" ... 25i™) is well defined and nonempty for all i € A,,

and for any (zg,...,z5) € X", we can find (z1,...,27) € X™ such that
gzl e F(xgim, ce azgi(")) (2.3)
and _ _
gz =i gzy, forall i€ A,. (2.4)
Ifai =...=a, =0then
D(gm’i, F(x;”'(l), e x(f"("))) < H(F(.rgi(l), R J:g'i(n)), F(x(f"(l), e ,x(f(n)))

n
< Zajd(gmg"(]),ga:i’im) -0
j=1

= gzt € F(z7'W, .. 27 ™)y = P ™ 27 ™).

Hence (z1,...,x}) is N-coincidence point for F' and g. Now assume that a; > 0 for some i € A,,.
For the point (z1, ..., z7), we can find another point (z3,...,z%) € X™ such that

gry € F(z7'M .. 277 forall i€ A,.
Continuing this process we can construct sequences {z;, }m>0, - - -, {Z% }m>0 such that
g1 € F(asf,f(l), . 756,‘1{'(”))7 forall m >0 and i € A,.
By induction methodology for m > 0, we shall prove that

gxh, =i gxb oy, forall i€ A,. (2.5)
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Indeed, from equations (2.3) and (2.4), we have

gz =, gzt € F(zli M agi™)

)

Suppose that (2.5) is true for some m > 0 and we are going to prove it for m + 1. Now we have to
distinguish between wetheri € Aori € B,

(Case 1) Suppose thati € A (o; € Qa,B).
gri sy € F(xfi™ 251D 25 for this argument 25, we have two subcases,

(I) If j € A (where F is g-monotone non- decreasing) (j) € Alie., gzoi < g:cf,;’fﬁf). Thus,
F(mf,f(m,.,.,x}',f(j),...,x in )) <D= Py 7s(1) ...,mf,fff,.,.,x%(")).

() j € B (where F is g-monotone non-increasing), o:(j) € B (i.e., gz = g2i%)). Thus,
F(acf,ﬂf(l)7 ... ,xf,{'(j), . ,a:f,f(m) <! F(xfni(l), .. 745?755:1)7 . ,xf,{(n)).
That is,

F(agiM 2@ iy U ppgiM) ,x;',;_(,_’l),, 25 ™M) Vi€ Aje A,

and

F(a;f,f“),...,w%(j), .. .,xf,f“”) <! F(mf,f_&_lf,...wf,{'(j), .. ,,xfg‘("))

R AT N NPT

1 (1 i i
<" Py, ety

Therefore, for gz, 1 € F(z5i ™, ... 20i™) there exist gat, 1o € F(aliY), ... a5l

9Tt = GTiia, 1§ E A (2.6)

(Case?2) Ific B (0i € Qa.p).
gm:n(jl =F®, 259 22i™) for this argument 25:), we have two subcases,

(I) If j € A (Place where F is g-monotone non-decreasing), :(j) € B (i.e., gz5i? = g:c‘“(]))
Thus, F(z ;fy;(l)y.“7 ZVZ(J)’“., ;fnz(n)) o 7(i)=2 F(x frf(l) xfn(]) xvz(n))_

see ey Ty Im

() j € B (where F is g-monotone non-increasing), o;(j) € A (i.e., gz2i) < gmg;’ff). Thus,
F(mfnl(l), T A L xfni(w) =2 F(mfﬁ“), . ,:rf,ffl), e xﬁf(")).

We conclude that

F(xf,f(l),...,xg;f(j),‘..,mﬂ(")) 2 F(xf,f(l),...,xf,ffl),.‘.,ma’(")) VieB,jeA,

and

o (1 o;(J oi(n o (1 o;(J ogi(n
Flegi®, . a5i@ a5y =2 P a0 e,
i oi(1) o;(n) ; i ai(1) oi(n)
Therefore, for gay, 11 € F(a%i', ..., a0'"™) there exist gz}, € F(x,i{,...,2,17) such
that ‘ .
gx'lmjtl = gxer»?? i € B. (27)
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From inequalities (2.6) and (2.7), we get

9Ti1 =i GTrmya-
Thus, inequality (2.5) is true for any ¢ € A, and m > 0. Note that the inequality (2.5) implies
(gmo’m =, gmg’(J ifi e A, or gzo"'i]) = gmo’m if i € B).

m—1 —J

Then we use the previous fact, the contraction condition (4.1) and Remark 1.1 to assert that the
sequences {gz,, }m>o0 are Cauchy for all i € A,, as follows:

(g, gThgr) < H(F @Y, a7i)) Fagi® L 2fi ) + 0™ <> ad(galiV), gagi ) + ™

Jj=1

< Zaj 1rgaxnd gz, _1,gxh) +h™, for all i and h < 1.

Consider maxi<;<, d(gh,, grh, 1) = d(gxk,, gzl (1) = 6 for some k € A, and since the above
inequality hold for any element in A,, then we have,

n

(g, 9m41) < D aj max d(gri_1,9%m) +h
= 1SS

m

Sm < Zn:ajémfl +h"

j=1

<A1 +A™, A= i:aj <1
j=1
< A2 +h™ ) +A™
<A A3+ A"+ AR 4 B
<Az + XA AR 4 AT

<A+ A" T Th AN TERE 4 AR R
< A0 +mn™,n =max{\,h} <1
= d(gT7n, 9T1nt1) < Om < A™00 +mn™. (2.8)
For a fixed 7 we use the triangle inequality and (2.8) to obtain:

d(gfﬂfvn gmin-kp) < d(gmin, gxin-u) + d(gxin-klv gmin-m) 4+ d(gxin-kp—lv gm?m-kp)
< AT HATT AP S+ (mn™ A+ (m+ D)™ e (mp = DY)

m+p—1
SAT(LHA+ XN+ Y i
1—a &t
S)\ml 8o + Z in® =0 as m — oco.

Therefore, {gz?, }m>0 are Cauchy sequences (for all i € A,) in g(X). By the completeness of g(X),
there exist {g=',. .., gz"} € g(X), such that

gri, — gz', as n— oo forall i€ A,. (2.9)
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Finally, we claim that the point (z!,...,z™) is N-coincidence point of F and g. Suppose that X
has the sequential g-monotone property, by (2.5) and (2.9) we have gz;, =<; ga,41 and gz;, —
gz*, as m — oo forall i € A,,, implying gz;, <; gx* and

<gmg;(j> <5 g2 or gasi », gxam).
Now consider
D(F(:c‘”(l)7 A xai(n)),g:ci) < H(F(ac‘”(l)7 o ai ™M)y, F(:cf,j(l), A xz{'("))) + d(gxhi1, g2")
<> aid(gari?, gx” ) + d(gaim 1, ga').
j=1
(2.10)

This can be done because,

D(F(:c‘”(l)7 Lz, g:ci) = inf d(¢, gz*)
ceF(zoi(1) . z7i(n))
< inf {d(&, gzms1) + d(92rmi1, 92") }

- 56F(z”’i(1),...,z”i(”))

= inf
¢eF(zoi (V) .. zoi(n)
= D(F(x‘”(l), . ,x‘”(")), gwinﬂ) + d(gazfnﬂ, gxi)

< H(F(x‘”(l), a7 M), F(xf,f(l), A xij("))) + d(gxhi1, gz")

: (&, inn-&-l) + d(Qﬁn-&-la gﬁﬂi)

By (2.9), there exist mo, m1,...,m, € N such that
d(gminﬂ,g:vi) < g vV m>mo, fore>0

and
€

d(gxf,{‘(j),g:c”i(j)) < VY m>m; ,j€ A,

2na;

Taking m > p = max{mo,m1,...,my} and using (2.10), we get
D(F(a:m(l)7 o 7.Z‘rn(n))hqmi) < (ald(gazfrf(n,gx’"'i(l)) RS and(gmfni(n)’gxm(n))) + d(gwinﬂ,gazi)

€ € €
< n <
- <a12na1 + ta Qnan> + 2~

Since e is an arbitrary, then F(z7i™") ... 271("™)) = ga*. Thatis, (z',...,2") is a N-coincidence point
of F and g. O

+

= €.

N

Example 2.2. Let X = [0,1] with the Euclidean metric and the usual order contains a partially
ordered complete metric space. Define F : X" — CL(X)andg: X — X as

sinxy —sinzo +sinxsy — ...+ sinx,
4n

F(:vl,...,xn) =10,

and -
g(z) = 5
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Note that sinxz; < 1for any z; € [0,1], then Si"“1*5“‘”2““‘x3*'“+5i“”cn} < 2 < 1. Consider

4dn
01,02,...,0n : Ay, — A, defined as the following form
(123 ... =m
T = 1 23 ... n
. 1 2 3 n
92 = 2 1 2 n—1
(123 i n
g = i i—1 i—2 ... 1 ... n—i+1
(12 3 ... on
In = n n—1 n—-2 ... 1 )°

Let A be the set of odd numbers and B be the set of even numbers in A,,.
We have, g(X) = X is complete, |JF(x1,...,xz.) C g(X) and X has the sequential monotone
property. Also, we have for all (x1,...,zy), (u1,...,un) € X™ and gz; <; gu;

sinx; —sinxo + ...+ sinx, sinu, —sinus + ...+ sinuy,
4n 4n

H(F(ml,,..,xn),F(ul,..,,un)) _

ﬁ (sinz:l — sinul) + (sinug — sinmg) “+ ...+ (sinmn — sinun)

IN

1 . . . . . .
Z ’smwl —smu1| + |sm:152 —s1nu2’ + ...+ |smm7L —smun|
n

IN

1
E[’ml—u1|+...+|xn—un|

1 n
— 3 2o
=1

1 Z; U4
=23 3
1 n
i=1
1 n
=5 Zd(gzi,gui)

Hence F and g satisfy the contraction condition (4.1) fora; = 5~ and > " ai = Y1 | 5 = 5= =

2n

1 < 1. Also F is g-monotone mapping. To claim this we have to consider two cases under the

condition gx < gy

i sinaj—sinag+...—sina;_1+sinz—sina;11+...+sina
o Ifz6A,thenF(al,ag,...,ai_l,x,ai+1,...,an): |:07 - in it ":l
1 sinaj —sinag+...—sina; _j+siny—sina;41+...+sinan
<" |0, - d = F(a1,a2,...,0i—1,Y, Qit1, - .,0n),
. sinaj—sinag+...4+sina; 1 —sinz+sina;y1+...+sina
° IfzeB,thenF(al,a2,...,ai,l,x,ai+1,...,an): |:O, - in it n:|

10
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2 sinaj —sinag+...+sina; 1 —siny+sina;11+...+sinan _
> 0, in 7F(al,ag,...,ai_l,y,aHl,...,an).

Thus all conditions of Theorem 2.1 hold and then F and g have one coincidence point (0, . .., 0).

3 N-COINCIDENCE POINTS FOR HYBRID PAIR OF
MAPPINGS VIA A ,-SYMMETRIC PROPERTY

Let (X, d) be a metric space endowed with a partial order <. We recall the following definitions.

Definition 3.1. A function f : X x X x ... x X — R is called lower semi-continuous if and only if for

any sequences {1, }m>0; - - {20 }m>0 € X and (z!,...,2™) € X™, we have
lim (z),,...,z8) = (z',...,2") = f(z',...,2") < liminf f(z,,,...,25).
n—o0 n—o0

Let T : X — X be a given mapping. We define the set Ar C X" by
Ar={(z',2°,...,2") e X" : T2" < Tal for all i€ A, ={1,...,n} and j > i.

Definition 3.2. Let F : X™ — CL(X) be multi-valued with n-variable. We say that F is a Ap-
symmetric mapping if there exist mappings o1, ...,0, : Ay, = A, with

(z',...,2") e Ap = F(a” W . 2™y < P 27™)) for all i€ A, and j > i,
where, A < B for A, B C X means that for any element a € A there exist b € B such thata < b

Example 3.1. Let X = R, the set of real numbers, with the usual order and metric, i.e., (X,<,d),
contain an ordered metric space. Define the mappings F : X* — CL(X) andT : X — X by

1,2 .1

1 2 3 r T T

F(z',z%,2") = {ﬁv;v;
T(z) = Inz.

Consider {c1,02,03} be a three permutations from As = {1, 2,3} into itself in the form:

/12 3 (12 3 G123
1=\ 1 2 3) 272 3 1) ™B={3 1 2 )

x
. g 2 3 3 3 2 3 ., .
Also, the inequalities £z =< %, % < Zp and 2 < . implies F(z®, 2° ")

F(z? 2!, 2?) = {i—f, i—;, j—z}. Consequently the mapping F is Ar— symmetric.

Since, Tz' < Tz’ implies z—; =< %Z (for, nz! < Inz/ = z* < 27 = (x’)2 =< (xj)2 = 2lnz" <
; i 5 K ;. (3 ] 1 2 1
2Ilnz’ = Inz*—~Inz’ <Inz’—Inz’, jie,In % < lnz—i ), then we have F(z!,z?, 2%) = {%&,%5,2%5}1 <

2 3 2 @’ z 1.2 1 ’ ® 731 1
2 .3 .1 : 1,2 .3 4 3.1 .2 y
F(z*,z%2") = {Z, 5,50} and F(z*,2%,2°) = {5, 5,5} 2 F(z°,, }
=<

Remark 3.1. Notice that the relation defined on the collection of all closed subsets of X is reflexive
and transitive but not anti symmetric, for example consider X = R, A = {0,2} C CL(R) and B =
{1,2} C CL(R), we have A < Band B < A but A # B. If we consider that this relation is also anti
symmetric, i.e., A < B means that any element a € A is related with all elements in B, then we can
prove the following theorem.

11
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Theorem 3.2. Let (X,d) be a metric space endowed with a partial order. Suppose that F : X" —
CL(X) and g : X — X contain a hybrid pair of single valued mapping with one variable and
set valued mapping with n-variables, F' has a A,-symmetric property, g(X) is complete, Ay, # 0,
o1,...,0n are any (n) mappings from A,, into itself, the function f : [(g(X)]" — [0, cc) defined for all
zh,z?, ..., 2" € X by

flgz', .., g2") = D(ga', F(z"', ... a7 ™)) (3.1)
=1
is lower semi-continuous and there exists a function ¢ : [0,00) — [a,1),0 < a < 1, satisfying

limsup ¢(r) < 1, for each t € [0,00). (3.2)
r—tt
Assume that forany (z*,...,2") € A, thereexistgul, ... gu™ € g(X) withgu® € F(z7:D ... z7i(™),
for all i € A, satisfying

Volftan' o ogem) [ S dlas' )| < 1o’ g0 33)
and .
f(gul, oo gu™) < (;S(f(gccl7 .. ,ga:")) {Z d(gxi7gui)} . (3.4)

Then F and g have a N-coincidence point, i.e., there exist (g¢*, ..., g¢") € [g(X)]" such that g¢' €
F(E71(1),...,£7 (n)).

Proof. Since F(z®*Y, ... x7(™) are well defined and nonempty forall i € A,, and forany (z*,...,z") €
X™and ¢(f(gz',...,gz™)) < 1, by the definition of ¢, it implies that for (z',...,2™) € X" we can
find (u!,...,u") € X" with v’ € F(z®D ... z°™) and

Vo(f(get,.. . gzm)d(gr' u') < D(ga’, Fa™ ), .. 27 ™))

for all i € A,,. By adding the above inequality over all i € A,, and using (3.7), one can say that for
any (z',...,2") € X", there exist u’ € F(z7(") ... x7(™) for all i satisfying

\/qb(f(gwl, ..., gzm)) [id(gmi,ui)] < flgz', ... gz").

Let (2¢,-..,28) € A4 be arbitrary and fixed, this can be done for A, # (). Then there exist gz} €
F(ay™, ... 2 ™), ¥ i such that

Volftanty.. gm) | 3 dlasioaah)| < flash.....ooh) @5)

and .
ek g2 < (S gah. ... ) | 3 dlgzh. g (3.6)

=1

From (3.5) and (3.6), we can get

n

flaxt, . gxt) < \Jo(F oz, .. gz3)) (\/¢(f(gwé, -5 97F)) [Zd(gmé,gaﬁ)D

=1

< \Jo(flgh, . g25)) Floxb, .. gat).

12
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Since F is A,-symmetric mapping and (z3, . .., z§) € A, then we have
F(a:gim, . ,atgi(")) = F(asgj(l)7 .. ,mg’(n)),for all 1€ A, and j >i.

Thus . ,
gri =< gal for all i€ A, and j>i= (x1,...,27) € A,.

Again by (3.3)and (3.4), we can find (z3,...,2%) € X", gab € F(a:‘l’il, ...,z7") for all i such that

\/aﬁ(f(gfr}, o, gTh)) {id(gvsi,gwé)} < f(gz1,...,g27)

=1
and .
ok .g03) < 6(flaah, ... g) [ 3 dlosh o).
=1
Hence, we get

Fgzh, - 928) <A[8(F (el - g20)) float, ., gat), with (zh,...,2%) € A,

Continuing this process we can construct sequences {z;, }m>o, ..., {5 }m>0 € X, such that
. 1 n
(Thy ooy ) € Ay, galoiy € F(ami, .., xor ) Y i,m,
Vof(grh. . ...gu) [Z (g, gxim)} < (9T 9T0) (3.7)
=1
and

f(gx'}n+17 e 7gm?n+1) S \/(ﬁ(f(gx%m e ,gx%))f(gx”})m e 7937;11)7 with (x’}n+17 cry x:m#»l) € Ag'
(3.8)
Now, we shall show that f(gzi,,...,gz%) = 0, as m — oco. If f(gzl,,...,gz™) = 0 for some m
then we have " D(ga,, F(zgi™™, ..., 20i"™)) = 0 = D(gal,, F(a5i™V, ..., 25:™)) = 0 for all 4,
which implies that gz, € F(z5i" ... 25" or gz, € F(x5i ™, ..., 25i™)) = F(a3i ™, ... 22i™)
forall i, i.e., (gz.,,...,gz%) is a N-coincidence point of F' and g and the proof is completed. So, we
shall assume that f(gz;,, ..., gx5) > 0 for all m > 0.

By (3.8) and ¢(t) < 1, we conclude that {f(gzy,,...,gzn,)} is strictly decreasing sequence of
positive real numbers then we can find § > 0 such that

lim f(gm,ln, ey gTm) = 0.

m— o0

Now, we shall prove that 6 = 0. On contrary, assume that 6 > 0. Letting m — oo in (3.8) and using
(3.2) yield

< lim sup \/cb(f(g:v}n,...,gx’ﬁl))5<5.

flgal,,....gan )=+

But this is a contradiction. Hence § = 0 and limy, o0 f (91, - - -, g27) = 0.
Then, we will prove that {gz;, } >0 are cauchy sequences for all : € A,,. Suppose that

a = lim sup \/qb(f(gw}n,...,gw?n)) <1

m—oo

Let, k£ be such that o < k£ < 1, then there exist mo € N such that

\/qﬁ(f(gx}n,...,gx%)) <k, for all m > my.

13
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Therefore

f(gx}n+1> oo 7gx7n+1) S \/¢(f(gz'}n7 s 7gx?n))f(g$1{na s 791327,)
< kf(gTm, -5 gTm)
S k2f(gx71n717"'7gl’%71) (39)

S km+17m0f(gwinoa s agxzbo)'

Since ¢(t) > a > 0forallt > 0, from (3.7) and (3.9), we obtain

. 7 1 1 m—m n
{ E d(gmm,gmm+1)} < —\/ak Of(g:vino,...,gxmo),Vm>mo.
i=1

Now, let use consider the following for fixed ¢
Z d(gx:nv gmin-{—p) S Z |:d(gx:'na gm:n-&-l) + d(gmin-&-l: gmin-!—Q) +...+ d(gmin-ﬁ-p—la gxf'n-ﬁ—p)
i=1 i=1

| p—— n
Siak Of(gx'}ngv"'zg‘rmo)

1 mt1-m n
+7ak + Of(g'rrlnov"'7gzmo)

5

1 m+p—1—m 1 n
+ \/ak tr Of(gxmow"agxmo)

1 m—m m+1—m m+p—1—m 1 n
S%[kj °+k * S+ t+k r O]f(gmmo>~"7gxmo)

1R — k) L .
S % 1—k f(gxmov"'7gl:m0)
1 k™™o L
< — ..
S Aok JACE.

3 9Tm,) = 0 as m — oo,

which yields that {{g2%,},1 < i < n} are Cauchy sequences in g(X), which is complete then there
exist (u',...,u") € g(X) gzi, — u' = g€ foralli € A,.

Finally, we show that (g¢',...,g&") is a N-coincidence point for F' and g. Using the lower semi-
continuity of f we get

0< f(ge",...,g6") = _ZD(gs%F(é‘”“), .oy 0i(n)))

< liminf f(g2,, ..., ga7) = 0.
Hence, D(g¢%, F(¢7i™M, ... oy(n))) = 0 and g¢' € F(¢ W ... o;(n)) for all 4, i.e., ('), is N-
coincidence point for F' and g. O

Theorem 3.3. Let (X,d) be a metric space endowed with a partial order. Suppose that F : X" —

CL(X) and g : X — X contain a hybrid pair of single valued mapping with one variable and
set valued mapping with n-variables, F' has a A,-symmetric property, g(X) is complete, Ay # 0,

14
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o1,...,0n are any (n) mappings from A,, into itself, the function f[(g(X)]" — [0, 0) defined for all
zhz?, ..., 2" € X by

lgz',....gz") =) D(ga’, Fa™,... a7 ")) (3.10)
i=1
is lower semi-continuous and there exists a function ¢ : [0,00) — [a,1),0 < a < 1, satisfying

limsup ¢(r) <1, for each t € [0,00). (3.11)

r—tt

Assume that for any (z*,...,a") € A, there exist (gu',...,gu™) € [g(X)]" with gu’ € F (271,
L, z% ™) foralli € A, satisfying

=1

\jqﬁ(gd(gm’}gui)) [id(gmﬁgui)} < flgz',... 92" (3.12)

and

n n

flgu', .. gu™) < ¢<Z d(gxi,gui)> [Z d(ga’, gui)] : (3.13)

=1 =1
Then F and g have a N-coincidence point, i.e., there exist (g¢*, ..., g¢") € [g(X)]" such that g¢* €
F(E7(1),...,£7(n)).

Proof. Let (z},...,28) € A, as in Theorem 3.2, we can find gz} € F(mgi(l), ... ,ng'f(")), Y 4 such
that
¢(Lo) 2o < f(go, - .-, g70) (3.14)
and
flgz, ... gzl) < d(Lo) Do, (3.15)

where, Ao = Y7, d(gxh, gzt). From (3.14) and (3.15), we can get

< y/é(L0) f(g20, - -, 925)

and using the A, -symmetric property of F implies (z1,...,z7) € A,.
Consequently, we can construct sequences {x}, }m>0; - - -, {Zm tm>0 € X such that
. 1 n
(x}navmfn) € Ag! gw:'n/+l € F(x’farza"'ax’faﬁ ) v ivma
¢(Am)Am < f(gxin,‘..,gwﬁl) (3.16)
and
f(gx71n+17 . 7gm:ln+1) S \/ qb(A’m)f(gxin? .. 7g$¢n)7 with (min-‘rh .. 7m:ln+1) S Aga (317)
where, Ay, = 31 d(gxh,, 9Ti11). By (3.17) and ¢(t) < 1, we conclude that { f(gz ), ..., gzp)} is
strictly decreasing sequence of positive real numbers then we can find § > 0 such that
lim f(gzh,,...,gzm) =6. (3.18)
m—ro0

15
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To prove that § = 0 we have to show that {2, }.>0 admits a subsequence converging to 6" for some
0 > 0. From ¢(t) > a > 0forall ¢ € [0,00) and (3.16), we obtain

1 n 1 n
0< Ay < ﬁf(gx,lm ey gxTm) < ﬁf(ga:é, ey GTG). (3.19)
It is obvious that A,, is bounded sequence of non-negative real numbers. Since each bounded
sequence A, of real numbers has a monotone subsequence which is also bounded and every
bounded sequence is convergent, then this is guarantee the existence of subsequence that converge.
Therefore, we know the collection E of all subsequential limits (limits of all convergent subsequences)
is non-empty, i.e., the lower limit liminf,, ,.c A, = inf E' and the upper limit limsup,,,_, .. Am =
sup F exist. Thus, there exist 6 > 0 with

liminf A, = 0. (3.20)

m—r o0

Since gz, 1 € F(z5i™ ... 25:™), we have

n

N = Zd(gxin,gxiwrl) > ZD(g:Ein,F(xZZ(l), e ,xfni(n))) = f(gxim e gT)- (3.21)

=1 =1

Taking the upper limit as m tends to infinity in Equation (3.21) and using (3.18) and (3.20) yields

lim inf A,, > lim inf f(gx,ln, e, gT)
0>6.

Now, we shall show that = 6. If § = 0, by (3.18), (3.19) and (3.20), we obtain

0 < liminfA,, < x lim f(gx,,...,gzm)

- m—oo a m—oo
1
0 < 66<—6=0
> _\/a
= 0=0.

Consider § > 0 and we want to claim that § = §. On contrary assume that & > § and 6 — § > 0.
From (3.18), for any e = %5 there exist a positive integer m1, such that

|f(gZmms - - - gTm) — 0] < € for all m >m
Also from (3.20), for the same ¢ > 0, we can find m2 € N such that
0—e</\,, for all m > ms.
Hence we have
0—4§

and
0—46

0 — 5 < Ap for all m > mg = max{mi,ma}.

Using (3.16)

0(0) (0= 122 < \Jo(8) B < Flgahr. o) <5+ 122,

16
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Therefore 013
+
¢(Am) < 530" for all m > mgo. (3.22)
Putting h = 4325 < 1in (3.22) and using (3.17) imply

f(gx’}n+17 s 791,314*1) S qs(Am)f(gx’}‘m s 7gle)
< hf(gxy,, ..., g9xm)
< hZf(gmin—lv"'agx:ln—l)

< WY f (g, s, g, ) for all m > mo.

Therefore for m = mo + ko, we have

n k n
0 S f(gxino-‘rko?' e agmm0+ko) <h Of(gxino’ cee 7gxm())
< 4.

That is a contradiction, then 6 = 6.

9:5§f(gxrln,...,gxfn)§Am
=0 <A, for all m > 0.

Then, we rewrite
liminf A, = 67

m— oo

That means, the sequence {A.,}.»>0 contains a subsequence, say {Am, }x>o, that converge to 6+.
By (3.11), we have

limsup y/¢(Am,) < 1. (3.23)

Amk—>6+
and from (3.17)
f(gmvlﬂmk+17 s 7gx21k+1) S (b(Amk)f(gminkv s >g$%k)'

Now, we want to show that § = 0. Assume on contrary that § > 0. By taking the upper limit above as
k — oo, we can obtain a contradiction and then we conclude that § = 0 as follows

0 = lim sup f(gx,lnkﬂ, s T, 1) < limsup (/¢ (Am),) likm sup f(gx}nk, cegTm,) < 1.0
—00

k—o0 Amk-,*)9+

Hence 6 = 0 and limm— oo f(g9z2,,...,g925%) = 0.

Then, we will prove that {g«;, }m>0 are cauchy sequences for all : € A,,. Suppose that

a = limsup (b(Amk) <1
AmkaOJr

Consider k be such that a < k < 1, then there exist finitely many /¢ (A, ), say {1/¢(Dmy, ), -
\/®(Am, )}, such that /¢(Am, ) > k. That means, we can find mo = my,,,, € N with

¢(Amk) <k, for all my > mo.

17
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For simplify, we set my = p.

f(gle)+17"'7g$;+l) S d)(AP)f(gle)?vgx;l)

< kf(gzp, ..., gzp)
< sz(gmll,_l,...7gmz_1) (3.24)
S KT f(gTng s 9T, )

Since ¢(t) > a > 0forall ¢t > 0, from (3.16) and (3.24), we obtain

= 7 7 1 —m n
[Zd(gmp,gmpH)} < —akp ”f(gx,lﬂo, 3 GTmg), Y M > M.
i=1

7

Now, let use consider the following for fixed ¢

n

> gy, grpiq) <D {d(g:vfmgwﬁm) + d(gTps1, 9Tp2) + -+ AGTpy g1, 9T )
=1

=1

1 —m n
S 701]61) Of(gx'}now'ng’mg)

1 —m n
+7akp+1 Of(gx'}nga"'vgxmo)

5

1 —1-m n
+ ﬁkp+q ! of(gx'}nga e 7gxmo)

1 —m. —m —1l=m n
S%[kp O f fPTITTmO 4 PO f (g gT)

1 kPmo(1 — ko .
S%#Jc(gz’}nga“wgwmo)
1 kp7m0
S% 1_kf(937$n07--

S gTm,) =0 as p — oo.

Which yields that {{gz%,}, 1 < i < n} are Cauchy sequences in g(X), which is complete then there
exist (u',...,u™) € g(X) gzt — u' = g€ foralli € A,.

Finally, we show that (g¢,...,g¢™) is a n-coincidence point for I and g. Using the lower semi-
continuity of f, we get

0< fgg',..,96") =D D(g&', F(&"W, ... 04(n)))
i=1

< liminf f(gax,,,...,gz8) = 0.

m— oo

Hence, D(g¢*, F(¢7iV ... 0i(n))) = 0 and g€ € F(e7W, ... oi(n)) for all 4, i.e., (€))7, is N-
coincidence point for F' and g. O

18
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4 CONCLUSION

This Paper aimed to study three coincidence
point theorems for hybrid pair of mappings one
of them single-valued mapping ¢ : X — X
and another one is multi-valued mapping with
n-variable F X" — CL(X) in partially
ordered metric spaces (X, d, <), not necessarily
complete. As special case of Theorem 2.1
, if we consider that the mapping F is single
valued instead of multi-valued, we will obtain the
following corollary.

Corollary 4.1. Let (X, =,d) be an ordered metric
space and ¢ = (o1,...,0n) be a (n)-tuple of
mappings from A, = {1,2,...,n} into itself such
that, o; € Qap ifi € Aand o; € Qap if
t € B. LetF : X" - Xandg : X - X
be two mappings such that F' has the mixed g-
monotone property, F(X™) C ¢g(X) and g(X) is
a complete subspace of X. Assume that there
exista; € R,i € A, verifying >.7_, a; <1 and

d(F(z',...,a"), F(y',...,y") <> a;d(gz’, gy’)
j=1

for which gz* <; gy'. If there exist 3}, . .. .ah
such that

zgi™)y, forall i € A,

(4.2)
and X has the sequential g-monotone property.
Then F and g have, at least, one N -coincidence
point.

glzb) =i F(agi™, ..,

Also in section three we used A,- symmetric
property to extend the main result of Samet and
vetro to any number of variables and obtain the
corresponding N- coincidence point theorem.
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