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Abstract

This article is devoted to use the basic Lie symmetry method to obtain the admitted Lie
group of the reduction of Time fractional generalized Burgers equation. One-dimensional
and two-dimensional optimal system are determined for symmetry algebras obtained through
classification of their subalgebras.Some invariant solutions are also found.
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1 Introduction

Fractional differential equations useful in various fields such as viscoelasticity, fluid mechanics,
physics, biology, engineering and other areas of science [1]. In reality, a physical phenomenon may
depend not only on the time instant but also on the previous time history, which can be successfully
modeled by using the theory of derivatives and integrals of fractional order [2],[3] and [4].

Symmetry is a basic property of nature and its phenomena. Therefore, the equations that are
able to describe chemical ,physical or biological processes should have symmetry properties. The
investigated processes can be described by using ordinary or partial differential equations. Symmetry
properties of these equations are usually investigated by using group analysis methods. The
fractional differential equation (FDE) is another type of equation which used in mathematical
modeling of physical processes during the last decade.

Since Lie introduced the notion of continuous transformation group, now known as Lie group, the
theory of Lie groups and Lie algebras have been evolved into one of the most explosive development
of mathematics and physics through out the past century [5].

Lie groups and hence their infinitesimal generators can be extended to act on the space of independent
variables, state variables (dependent variables) and derivatives of the state variables up to any finite
order. Lie symmetries were introduced by Lie in order to solve ordinary differential equations.
Another application of symmetry methods is to reduce systems of differential equations, finding
equivalent systems of differential equations of simpler form.

This paper is dedicated to use the basic Lie symmetry method for finding the admitted Lie group
of the reduction of Time fractional generalized Burgers equation [6], [7]:
uf = ul, + Aucul, 0<a,B<1,c0. (1.1)

The space-fractional Burgers equation describes the physical processes of unidirectional propagation
of weakly nonlinear acoustic waves through a gas-filled pipe. The fractional derivative results from
the memory effect of the wall friction through the boundary layer. The same form can be found in
other systems such as shallow-water waves and waves in bubbly liquids. For more details about the
associated applications of the Time fractional generalized Burgers equation see [8].

In the case ¢ =1 and A = 1; Eq.(1.1) will be in the following form:
ul =ul, +udf, 0<a,Bf<1, (1.2)

where a and (8 are areal constants. Here u is function of independent variables z and t; D%u is a
fractional derivative of u with respect to x, which can be of Riemann-Liouville type [9], [10]

m
0%u { gxn’f, a=méeN;

— = m o 1.3
Oz~ ﬁaax—mfot(t—ﬂm =Ly (1, ) dr, m—-1l<a<m, meN (1.3)

2 Preliminaries
Guy Jumarie [11] proposed some modifications in Riemann-Liouville fractional derivative and

derived fractional. The new modified fractional derivative has some features similar to the classical
derivative. The definition and properties of modified fractional derivatives are defined below [12]

e Jo (fF = F(0) (z =€) 771 dg, a <0,
Dy f(z) = ﬁ% Jo (F(&) = £(0) (z — &)~ de, 0<a<l, (2.1)
(f(n_l) (x))a—nﬂ’ n—1<a<n, n>2
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The modified Riemann—Liouville fractional derivative endures some interesting properties:

Fl4+a) .o

Dozt = mx , 0, (2.2)
DE(f@)g() = g()Df )+ f (@) Dlg (), (2.9
o) = o). (24)

3 Time Fractional Generalized Burgers Equation
Consider Time fractional generalized Burgers equation will be in the following form:

ud =u?, 4+ u 0<a,B<1, (3.1)
We introduce the transformations [12]

X PP 4 x) — ) #0 (32)
71—1(14_5)7 71—‘(14—0{)7 ) - ? ) p’q . .
Equation (3.1) with the help of (2.2), (2.4) and (3.2) transforms to second-order partial differential
equation

qWT - p2WXX - WWx =0. (3.3)
Using mathematica, the Lie symmetries of Eq.(3.3) are
- 9
X1 - aT?
- 9
X2 - aX?
0 0 0
Xao = 2Mar + X5% ~Waw
0 0
o= Tox i
_ 0 2 0 0
Xo = TXge+T0n = (TW +qX) 5 (3.4)

4 Optimal System of Subalgebras

There are two basic issues concerning optimal systems, the determination of all subalgebras and
the classification of group invariant solutions [13]. One of the main applications of Lie theory of
symmetry groups for differential equations is the construction of group invariant solutions [14], [15].
Given any subgroup of the symmetry group, one can write down the equation for the invariant
solution with respect to this subgroup. This reduced equation is of fewer variables and is easier to
solve generally [16].

The problem is to construct subalgebras of the algebra 5, which can be a source of invariant solutions
of Eq.(3.3). The classification of subalgebras can be done relatively easy for small dimensions. The
optimal system of subalgebras of the Lie algebra spanned by the generators x,, X,, X3, X, and Xx;
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are constructed here.

Thus, corresponding commutator table of {x,; (i = 1,2, 3,4, 5)} can be constructed (in the following
table) [17], [18]:

Table 1. Commutator[X;, X;] = X;X; — X; X,.

X1 X2 | X3 X4 Xs
X. | 0 0 =2X, | X2 | —Xs
X; | O 0 —Xa 0 — X4
Xs 2X1 X2 0 — X4 _2X5
Xa | Xa |0 | X4 0 0
Xs | X3 Xsa | 2Xs 0 0

It is easy to check that {X,,Xss X3, X4s X5 are closed under the Lie bracket. Thus, a basis for the
Lie algebra is {Xx,, X2s Xss X4 X5 }, which is a 5—dimensional Lie group algebra.

4.1 Decomposition of the Algebra 5

Before constructing an optimal system, let us study the algebraic structure of the algebra 5. The
algebra 5 is decomposed as I®3, where I = {x,, x, } is an ideal and 3 = {x,, X3, X5 } is a subalgebra.
According to the algorithm for constructing an optimal system of the algebra 5, we use the two-step
algorithm. First, an optimal system of subalgebras of the algebra 3 is obtained. The next step is

to glue the subalgebras from the optimal system of subalgebras of the algebra 3 and the ideal [
together.

4.2 Classification of the Algebra 3

The table of commutators of the algebra 5 = {x,, x5, X5} IS

Table 2. Commutator of 3

X1 X3 Xs
X. | 0 —2X; | —Xs
X3 2X1 0 _2X5
Xs | Xs | 2Xs 0

Let a subalgebra , of dimension r < 3 be formed by the operators

Y: = ai1X; + ai3Xs + aisX5, i=1,...,7r (4‘1)

where a;;, (1 =1,...,7;7 = 1,2,3) are arbitrary constants. For the classification of 3, we need to
study two steps [19]:

1) All coefficients a;3 are zero, a;3 = 0(: =1,2,3) , it means that we will construct an optimal
system of the subalgebra s = {X,, X3, X5 }-

2) At least one of the coefficients of a;3 is not equal to zero.

We will denote the generators x; by <.
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4.2.1 One-Dimensional Subalgebras of the Algebra 3

Let Y = 211 4+ £33 + 255 which forms a one-dimensional subalgebra of the algebra 3. The process
of simplification of the coefficients of the operator Y is separated into the following cases.

Case 4.1. Assume that x5 # 0. Then one can divide Y by x5. We have two subcases
Case 1.1 When z1 # 0 and x3 = 0, the operator Y is transformed to €1 + 5 where ¢ = £1.
Case 1.2 When x3 # 0 and x1 = 0, the operator Y is transformed to €3 + 5 where ¢ = +1.

Case 4.2. Assume that x5 = 0. We have three subcases
Case 2.1 When x1 # 0 and x3 = 0, the operator Y is transformed to 1.
Case 2.2 When x3 # 0 and x1 = 0, the operator Y is transformed to 3.
Case 2.8 When x1 # 0 and x3 # 0, the operator Y is transformed to €l + 3.

Case 4.3. Assume that x3 # 0. Then one can divide Y by x3. We have two subcases
Case 8.1 When x1 # 0 and x5 = 0, the operator Y is transformed to €l + 3 where ¢ = +1.
Case 3.2 When x5 # 0 and x1 = 0, the operator Y is transformed to €3+ 5 where e = £1.

Case 4.4. Assume that xs = 0. We have three subcases
Case 4.1 When z1 # 0 and x5 = 0, the operator Y is transformed to 1.
Case 4.2 When x5 # 0 and x1 = 0, the operator Y is transformed to 5.
Case 4.8 When x1 # 0 and x5 # 0, the operator Y is transformed to €l + 5.

Case 4.5. Assume that x1 # 0. Then one can divide Y by x5. We have two subcases
Case 5.1 When x5 # 0 and x3 = 0, the operator Y is transformed to €l + 5 where e = £1.
Case 5.2 When x3 # 0 and x5 = 0, the operator Y is transformed to €3 + 5 where e = +1.

Case 4.6. Assume that x1 = 0. We have three subcases
Case 6.1 When x5 # 0 and xs = 0, the operator Y is transformed to 5.
Case 6.2 When x3 # 0 and x5 = 0, the operator Y is transformed to 3.
Case 6.3 When x5 # 0 and x3 # 0, the operator Y is transformed to €3 + 5.

4.2.2 Two-Dimensional Subalgebras of the Algebra ;3
Let a subalgebra be formed by the operators

Yi = anx, +aisx; +aisxs, 1=1,2 (4.2)

where a;;, (1 = 1,2;§ = 1,2, 3) are arbitrary constants. The rank of the matrix ( B )
a1 az23 G25

is equal to two.

Case 4.7. Assume that a15 # 0, azs = 0 and a%l + a%s # 0. Then one can divide Y1 by x5. We
have two subcases

Case 7.1 If a13 = 0, then the subalgebra condition gives

[@a111 4+ 5,a211 + a233] = a(a111 +5) + B (a211 + a233) (4.3)

where o and f are an arbitrary constants. Calculating the left hand side and comparing the
coefficients on the right hand side with coefficients on the left hand side, one obtain

— 2a11a231 + a213 + 2a9235 = (Oéau + 6&21) 1+ Baszs3 + ab. (4‘4)

Therefore
— 2@11(123 = oail + ﬂazl, a1 = ,BCL23 and 2@23 = . (45)
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We have two subcases

Case 7.1.1 If a3 = 0, then as; = 0 which is contraction with a3; + a2; # 0.
Case 7.1.2 If a23 # 0 and a3 = 1, then a = 2,8 = a21 and 4a11 = — a%l. We find that
(a) If az1 = 0, then the operators Y; and Y> are transformed to Y7 = 5,Y> = 3.

(b) If a21 # 0, then the operators Y7 and Y> are transformed to Y1 = 5 —v1,Y> = 3 + 1 where
v=1
Case 7.2 If a13 # 0, We have two cases

Case 7.2.1 If a2z = 0, then by exchanging Y7 and Y3, this becomes the previous case.

Case 7.2.2 If a23 # 0, then the operators are Y1 = a111 + @133 and Y2 = a211 + a233 because the
a1l a3

az1 a3
Y1 and Y5> they can be transformed to Y1 =1, Yo = 3.

rank of the matrix is equal to two. By taking linear combinations of the operators

4.2.3 Three-Dimensional Subalgebras of the Algebra 3
Let a subalgebra be formed by these operators
Yi = aix, +aisx; + aisxs, 1=1,2,3 (4.6)

a1 a1z as
where a;;, (i = 1,2,3;j = 1,2, 3) are arbitrary constants. The rank of the matrix a1  a23 ass

aszi1 as3z ass
is equal to three. Therefore, the basis of this subalgebra can be taken as Y1 = 1, Yo = 3 and Y3 = 5.
4.2.4 Optimal System of Subalgebras of the Algebra 3

The result of classifying the algebra 5 = {x,, X5, X5} IS given in the following table:

Table 3. Classifying of the algebra 3

Dimension
1 2 3
3 1,3 1,3,5
5 1,5
el+3 | 3,5

el+5 | 5—~1,3+1
3+5 | 3+5,1+73
1—45,3+5

5 Optimal System of Subalgebras of the Algebra ;

After constructing an optimal system of subalgebras of the algebra 3, the next step is the construction
of an optimal system of subalgebras of the algebra 5 = {1,2,3,4,5}, by gluing subalgebras from
the optimal system of subalgebras of the algebra 3 and the ideal I = {x,, x,} together [19]. This
process consists of the following steps. In the first step, the vectors
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Yi = Z aijx; + Z bijx;, (=1,2,...,k),

i={2,4} 7={1,8,5}
Yige = Y. ey, (i=1,2,...,9), (5.1)
i={2.4}

are composed. Here the vectors >, _ {1,3,5} bisXx; are basis elements from one of the k-dimensional
subalgebras , of the optimal system of the algebra 3.In matrix form, this step can be explained by
the construction of the matrix

2,4 1,3,5
A C
B 0

where A, B and C consist of the coefficients a;;, bio and
cpi,(i=1,2,...,k;j=2,4,0=1,3,5=1,2,...,s).

B 0 is equal to

k + s and this is the dimension of the subalgebra of the algebra 5. The matrix A can be simplified
with the help of the matrix C. The matrix C has to take all possible values of the given rank s and
is chosen by taking linear combinations of it columns. The next step is the process of checking the
subalgebra conditions.

In the following step, the matrix A is arbitrary. The rank of the matrix ( 4

Let us give an example for constructing subalgebras, using the subalgebra {el + 5}. In this case,
the matrix C is 1 X 2 a matrix:

2 4 1 3 5
a2 as € 0 5
C22 C24 0 0 0
The subalgebra conditions give
[el + 54 a122 + a144, c222 + c24d] = 224 — €242

= « (61 + 54+ a2 + CL144) + [‘36222 + 244 (52)

where a and 8 are an arbitrary constants. By comparing the coefficients, we find that « = 0 and
have the following two cases:

Case 5.1. If coo = coqa =0, we get this subalgebras {e1+2+ 5}, {el +4+5} and {el +2+4+5}.

Case 5.2. If cos # 0,c24 # 0 and caa = c2a = 1, we get this subalgebras {el + 5,2 + 4}, {el + 2+
5,244}, {e1 +4+5,24+ 4} and {el + 2+ 4+ 5,2 + 4} where § = £/ei.
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The list of one-dimensional and two-dimensional subalgebras of the optimal system of the algebra
5 is presented in the following table:

Table 4. Classifying of the algebra 5

Dimension
1 2
142 3+4,2
1+4 3+2,2
1+2+4 3+4,4
245 3+2,4
4+5 el+3+4,62+4
24+4+5 el+2+3,62+4
243 el +3,02+4
344 €el+2+3+4,62+4
2+3+4 el+2+5,2+4
el+24+3 el+4+524+4
el+3+4 el+5,2+4
el+2+34+4 | el+24+4+5,2+4
el+245 e3+2+52+pu4
el+4+5 e3+4+45,2+ pud
el+2+4+5 | e3+5,2+pud
e3+245 e3+2+4+52+pu4
e3+4+5
e3+2+445

where § = 5 and p = 5.

6 Invariant Solutions of Time fractional generalized Burgers
Equation (3.1)

In this section, invariant solutions of Equation (3.1) are presented. Analysis of invariant solutions
is presented in details for the following two examples.

6.1 For the subalgebra {1} :
The basis of this subalgebra is

X1= 5 (6.1)
The similarity variable is:
Z =X, (6.2)
and the similarity function is:
W=F(Z). (6.3)

Substituting (6.3) into Eq.(3.3), we finally obtain an ordinary differential equation for F' (Z) take
the form:

p’F"(Z)+ F' (Z)F(Z) = 0. (6.4)
Solving the above ordinary differential Eq.(6.4), we have the following solution:
F (Z) = V2CipTanh |~ 2G,Z ‘;‘pv 2G1Ca | (6.5)
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where Crand C; are arbitrary constants. Substituting from Eq.(6.5) into Eq.(6.3), then in Eq.(3.2)
to obtain the solution for Eq.(3.1) in the following form:

=B
vV 201% + vV 20102

u(z,t) = V2C1pTanh R , (6.6)
where Chand C2 are arbitrary constants.
6.2 For the subalgebra {1,3}:
The basis of this subalgebra is
- 9
Xl - 8T I
0 1o} 1o}
= T X — W .
X3 ar " Yox ~Vaw (6.7)
Let a function f = f (T, X, W) be an invariant of the generator x3. This means that
2Tfr+ Xfx —Wifw =0, (6.8)
The characteristic system of the last equation is given as:
dTr dX dw
TTX W (6.9)
the similarity variable is:
X=TXx"7, (6.10)
and the similarity function is:
W=XW. (6.11)

After substituting it into the equation x1f = 0, where f = f (T7 X, W) ,the similarity variable is:

X =2z, (6.12)

and the similarity function is:
W=0¢(2). (6.13)

Hence, a representation of the invariant solution is
W=X"'¢(2), (6.14)

where ¢ (Z) is an arbitrary function and Z = TX 2.

Substituting (6.14) into Eq.(3.3), we finally obtain an ordinary differential equation for ¢ (Z) take
the form:

—4p* 77" (Z) + 226" (2) 6 (2) — (10p°Z — q) ' (Z) + ¢ (Z)* — 2p°$ (Z) = . (6.15)
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Solving the above ordinary differential Eq.(6.15), we have the following solution:

o (Z) = —(4p2Z(—\/qZEpé)gHypergeometrichl {q _2201 ) g, —4qu2}
_ 261;12222 Hypergeometricl Fy {1 - %, g, _4pZZ]
3 5 (q—
+ i (;)1225:22(101) Hypergeometricl Fy {3(] —2q201 ) g, - 4pq22} )
/(C2Hypergeometricl Fy {—%, %, —4pq22] +
\éngypergeometrichl {q _2201 , ; —4;2} )s (6.16)

where C1and C; are arbitrary constants. Substituting from Eq.(6.16) into Eq.(6.14), then in Eq.(3.2)
to obtain the solution for Eq.(3.1) in the following form:

ra e T(1+8))? (zpy’
u(et) = _(<i+ﬁﬂ>> XW( q )( (+ )) Vi)
px rl+a) px Ap (' ge \3
I(14«)
M 2
r(1+5) <P
. g—20, 3 (") a0 (ks
x Hypergeometricl Fy 5 50 - _ 4
qt™ o
- v (vtm) | 2 (vt
[ o3 a (F(l-;ﬁ))Q 3 (F(l.;ﬁ))5
_ " 2 »
x Hypergeometricl Fy d ! =, — L + q P .
qg 2 4p2( qt> ) 12p% /e \ 3
i T(lta) (7r(1+a))

2

r(1+p)

3(]*201 § _q( paB )
2q 12’ 4p2( qt> )

I'(l4a)
(F(1+B))2
pah

ta
4p2 (F((Il+a))

2
r(a+s)
q( pah )

»* (i)

)

(%72@) Hypergeometricl Fi
q

Cy 1
/(CaHypergeometricl Fy ——1, U
q

Hypergeometricl Fy qchl 3, -

), (6.17)

2p
where Chand C; are arbitrary constants.

The list of the invariant solution of subalgebras of the Algebra 5 which give the solution for the
time fractional generalized Burgers Equation (3.1) is presented in the following table:

10



Zedan et al.; ARJOM, 11(4): 1-23, 2018; Article no.ARJOM.41334

Table 5. Invariant solution of subalgebras 3, 5 and €l + 3.

No subalgebra invariant solution for Eq.(3.1)
! q(rﬁf ))_% (rgfﬁ))
Lo -1 2 @
u(et) = (riday) 2 2p2(Ca(— 7
1
; —a+C1 V@ (_qt* T2 pzf (=a+C1)
xHermiteH | =10CL, Y (4t (F(1+ﬁ) R N
1
; —a+C1 Va4 qt® 732 pz’
XHermiteH | —1 + 2 ’W(F(Nra)) (F(1+B))
(rts )*% pof
9\ T(1+a) T(1+5)
_ =3
p ( paB 2
_ I\ TaFB
_1 X HypergeometriclFy | — q+cl,l, ¢ )
Z=XT 2 2q 2 4p2 qt™
1 3 1 PIATO+a)
W =T 2F(2) L
_(=a+Cp) ( qt® )*5 pal
2p2 T(lt+a) T(1+8)
8 \2
q(F(’ﬂ‘ﬁ))
X HypergeometriclFy |1 — 74;01 s Q, )
q 2 o gt
a» (7r<1+a>)
/(CoH ite H 7q+C_1 Va qt® 7% pa?
2iermate a  ’72p \T(1+a) T(1+8)
- PR
—q+C (1(1“(11+ﬁ))
+HypergeometriclFy | — 4 1,l, s
2q 20 o _at®
P\ T+
_ (4o 1 B V2C1pl'(1+a)
u(z,t) = — T nglz+[5) + i
zZ =% a \-—1 8
T t g
2 5 w=E2Z _ o le(r(qura)) (r(p11+ﬁ))+v20102
XTanh 5
P
1) = (2at -3 22(C q 2qt% -3 paf
w(@t) = (raray t¢) * @7 (Cal= b (raFay e R
1
. —2q+Cy1  Va 2qt™ -3 pah
X HermiteH 2q e (1"(1+a) +e) <7I‘(1+[3)
+{=29+Cy)
rv2q N
) —2¢+C1 /4 t 2 B
X HermiteH |—1 + 2q ' Vap (21.‘(‘71_'_{1) + e) (% )
1
_a qt™ —3 (_paf
& (2rde +o) (r(1+5)
8 \2
q(Ffﬂﬂ))
Z = X X Hypergeometricl Fq 72(2;01 s %, ey
= 2 q
3 143 . \/gi(“ZJr)e 2p (Zere)
= V2T
*e _( =2e¢+Cy ( 2qt™ +€)_% paP «
2p? r(i+a) T(1+5) .
. 2
Hypergeometricl Fq 6q4qcl s %, e qz?8 )
I oLy +e) (ra+p)2 ]
_ B
/(CoHermiteH 2‘;$C1 s VA +
a
\/2(Fffja)+e)r<1+6>
_ 2
HypergeometriclFq 2(14qu s %, Y g5 ),
2(F(§7+a)+e)(r<1+ﬂ>)2

11



Zedan et al.;

ARJOM, 11(4): 1-23, 2018; Article no. ARJOM.4133

Table 6. Invariant solution of subalgebras €1 + 5 and €3 + 5.

No

subalgebra

invariant

solution for Eq.(3.1)

el+5

—%paPt™

T(1+a)T(146) ([ﬁu—aj)2+€]7%+e

1
—3q\e—iC] (—e)1 /gaP

A e e

1
2 x

) + (2p%(Cox

u (z,t) = ((

—ave—iCy)
4 \/Zqped

X HermiteH

(=
-1

—

4 igy/eal ( gt )2+5
2P I+8) (\T(Fa)

—q/e—iCy (=e)
2qy/e

f
)r<1+s>

HermiteH

- =

[F1+a

- Ay 2 ((r(]lfa)) *E)

m\»—A

X

HypergeometriclFq %

HypergeometriclFy

—q/e—iCy
SN

/(CoHermiteH

5qv/E+iCy iqf,eww(mw))*z]
v et Ta 2
([WH——GT] te
(71)‘i qaP
BEEL L “ ]»
R (e ]
oY 2 5
/((ﬁﬁ—a;) +e)2,

HypergeometriclFq

€3+ 5

Tqve to |2
2\ rdrey)
1
4qt™
1 —g?paf ™
2get™ )

igy/exP (Y \2 -2
-2 (i) +¢) 2
av/E+iCy iqu25<r<1+g)r2] »
) +2erate)
iavEe?P(0(46)) 2
qt™ |2 2get™ ( q q
s )+ #s) F‘”‘*)F(”B)\(mumj + g )
+((2p2(Ca( —ger

u(xz,t) =

o — X
pr(+0) (i) +H By )
s (=2qe+Cq)

—2ge+Cq qex
Pv/2qe

et g o

—4qe+Cq qewﬁ

T < )

gex

— _ X
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Table 7. Invariant solution of subalgebras 1,3,5, 1 +2 and 1+ 4.
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Table 8. Invariant solution of subalgebras 1 +2+4,2+5, 445 and 2+4+5.
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Table 9. Invariant solution of subalgebras 2+ 3, 3+4 and 2+3+4
No subalgebra invariant solution for Eq.(3.1)
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Table 10. Invariant solution of subalgebras el +2+ 3 and el +3+4

subalgebra invariant solution for Eq.(3.1)
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Table 11. Invariant solution of subalgebras el +2+3+4 and el +2+5
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No

Table 12. Invariant solution of subalgebras el +4+5 and el +2+4+5
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Table 13.invariant solution of a subalgebra e3+2+5
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Table 14. Invariant solution of subalgebras e3+4+5 and e3+2+4+5

No subalgebra invariant solution for Eq.(3. 1)
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Table 15. Invariant solution of subalgebras 34+4,2, el +2+4+5,2+4, e3+2+5,2+ ud

and e3+4+5,24 pud

No | subalgebra invariant Solution Jor Bq.(3.1)
gt (—1+e€)
A paf  TTUFa) €
¢ T(IF8) €
20 Py Pr
\(F(1+a§] + T(1+a) )
gt (—14e
2P T T(Fa) €
F(1+5) €2
Hypergeometricl Fq 2(12;601 5 %» Japte V) I
bt p2¢
[qﬁmm),] R EE=Y
2ge—cy w22l __gt®
(2¢¢=C)| 7(158) ~ eT(1Fa) N
o gic 2 7 2gci®
202 (riay) +H )
gt (—1+e
pah Ti¥a) ¢
e |TOFD 2
Hypergeometricl Fy ‘12; 1,3, N ORI ))
_V/2pt™ p
Fvaseel R
gt (—1+4e \
B INeES —e
V| TR =
/(CoHermite H ‘2‘?;'01 . — +
v (e ) + Py
qt®(—1+4e \
peP T TUFa) —©
5 - T(1+5) €
HypergeometriclFy qZ;E 1, %7 Japtc 2. ap?ia — D)
[qﬁr(Ha)J ERNEETY)
=T
25 3+44,2 w = F(Z)-VTq u(z,t) =Cy1 —q
T
=T
W= F(2)
= I3
26 el+2+4+5,2+4 VT2+e w(z,t)=C1 — 4
W(TZe+ (T2 +e) €
T2+ ¢
e e ey
) | o o
u(z,t) = % - —(TF20)
e 2 2qt%e
=T G (rdFay)? + 7y ©1
w = % (TQ;F Tta) ) +1"(1+|1)
v 3 6
28 e3+2+5,24 p4d 7qZ\77:i;,2T€ +(a(— \WQHT) +25(4(1"4(q1+—aj> +125(ﬁq1+T)0
T(TFze)
+% +6e? (F(1+a)) + 3e° (F(1+a)) + 7aet (F(1+a)>
1202 g™ qt qt™ 2
+AR 0Ty +6oet \F(1+a)(1"(1+(y) + 2¢) .
1 oS
- || ey +(riay + 2/ G (e +292)
29 3444524 pd W= 7F§(Z) t) = | 22 gt 2
€e3+4+5,24p §++22;T5 u(zﬁ)f\JﬂH—aj+Jm+ €
-t

Table 16. Invariant solution of subalgebras €3+ 5,2+ pu4 and e3+2+4+ 5,2+ p4

No subalgebra invariant solution for Eq.(3.1)
30 €3+ 5,24 pd W= F(=Z)quZ u(z,t) = Cq
\T242Te
- o (rd5a)? FiFa
. B PET o u(a,n) = 279 _ F(1+a)\ﬂ1+—wj+2‘
31 €3+24+4+5,24 pud T« [T212Te i 1 %
(a( r(%tfa) )% + J(F(HQ)) + 1"(1+a) 1)
Notes:

The subalgebra {1, 5} have the same solution as the subalgebra {5}.
Also, the subalgebra
(3422}, {el +3+4,062+4}, {el +2+3,62+ 4}, {el + 3,52 + 4}, {el + 2+ 3 + 4,52 + 4},
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{€el + 3+ 4, 62 + 4} have the same solution as the subalgebra {3 + 4, 2}.
The subalgebras {3,5}, {5 — 71,3+ 1}, {3+ 5,1+ ~3}, {1 —~5,3+5},{3+4,4},{3+ 2,4},
{e14+4+5,2+4}, {el+2+5,2+4}, {el +5,2 + 4} are not invariant.

7 Conclusion

In this article, An attempt was made to clarify the application of optimal system of subalgebras
method to study time fractional generalized Burgers equation (3.1). The main goal of our work
has been to obtain exact solutions of time fractional generalized Burgers equation. This goal has
been achieved by using optimal system of subalgebras method.

The time fractional generalized Burgers equation with the transformations is chosen to illustrate
the suggested method. As results, based on symbolic computation system Mathematica program,
exact solutions of the time fractional generalized Burgers equation are obtained.
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